GENERALISED HASSE VARIETIES AND THEIR JET SPACES 



RAHIM MOOSA AND THOMAS SCANLON 

Abstract. Building on the abstract notion of prolongation developed in [7J, 
the theory of iterative Hasse rings and schemes is introduced, simultaneously 
generalising difference and (Hasse-)diffcrcntial rings and schemes. This work 
provides a unified formalism for studying difference and differential algebraic 
geometry, as well as other related geometries. As an application, Hasse jet 
spaces are constructed generally, allowing the development of the theory for 
arbitrary systems of algebraic partial difference/differential equations, where 
constructions by earlier authors applied only to the finite dimensional case. 
In particular, it is shown that under appropriate separability assumptions a 
Hasse variety is determined by its jet spaces at a point. 



1. Introduction 

The algebraic theories of ordinary and partial differential equations, difference 
equations, Hassc-diffcrcntial equations, and mixed difference-differential equations 
bear many formal analogies and some of the theory may be developed uniformly 
under the rubric of equations over rings with fixed additional operators. In this 
paper, a continuation of [7], we propose a unified theory of rings with stacks of 
compatible operators, what we call iterative Hasse rings, and then undertake a 
detailed study of the infinitesimal structure of Hasse varieties showing how to define 
jet spaces for these Hasse varieties and that the jet spaces determine the varieties 
under a separability hypothesis. 

Before we consider Hasse rings in full generality, let us consider the special case 
of ordinary differential rings. Here we have a commutative ring R given together 
with a derivation d : R — > R. At one level, to say that d is a derivation is simply 
to say that d is additive and satisfies the Leibniz rule. On the other hand, we 
could say that the exponential map R — > R[e]/(e 2 ) given by x i— > x 4- d(x)e is 
a ring homomorphismm. When R is Q-algebra, this truncated exponential map 
lifts to a ring homomorphism R R[[e\] given by i n ^d n (x)e n . If we define 
d n {x) := ^jd n (x), then the exponential map takes the form x i— > J2d n (x)e n . Let 
us note that we have a formula relating composites of the d n operators with single 
applications. Indeed, ( n+ n m )d n+m = ^^9™+™ = ^ o ^ = d n o d m . 

From the defining equation for d n , it is clear that it gives no more information 
than is already given by the first derivative d. However, we could consider the 
general category of Hasse-differential rings which are rings R given together with 
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a sequence of additive operators d n : R — > R for which the function R — » R[[e]] 
given by a i— > X)^Lo ^ n ( a ) e ™ ' s a rm & homomorphism, and the operators satisfy 
the rule that Oq = id and ( n+m )c? n+m — d n o d m . Dropping the hypothesis that 
R is a Q- algebra, one finds Hasse-differential rings for which the higher operators 
are genuinely independent of the first derivative. Indeed, the language of Hasse- 
diffcrcntial rings is the appropriate framework for studying differential equations in 
positive characteristic. 

As explained already by Matsumara (Section 27 of [5] ), the iteration rule, 
(" +m )(3n+-ro = d n od m , may be expressed as a commuting diagram. Let (R, (9j : i G 
N)) be a Hasse-differential ring. That is to say, the map E e : R — » R[[e]] given by 
x >—>■ ^2 d n (x)e n is a ring homomorphism. Extending each d n continuously to R[[e\] 
by defining do(e) := e and d n (e) := for n > 0, we obtain a second exponential 
homomorphism E v : R[[e]] — > i?[[e]][[^]]. On the other hand, there is a natural 
continuous homomorphism A : R[[£\] — * ^[[ e ]][M] given by £ i— > (e + ?y). Expanding 
the powers of (e + 77), one sees easily that the iteration rule holds if and only if 
AoE^ = E n o E e . That is, the following diagram is commutative. 



R 



R\ 



m] R[[e]][[rj\] 

We generalise this ring theoretic treatment of iterative Hasse-differential rings to 
produce a theory of generalised Hasse rings by encoding the generalised Leibniz rules 
via exponential maps and the iteration rules via a commutative diagram analogous 
to the one describing the iteration rule for Hasse-derivations. To present a notion 
of an iterative Hasse ring we need two kinds of data. First, we need a projective 
system of finite free ring schemes V :— (7Tjj : T>i — > T>j)o<j<i<u- That is, we 
ask that each T>i is, as an additive group scheme, simply some finite Cartesian 
power of the usual additive group scheme while multiplication is given by some 
regular functions. A 22-ring structure on R is then given by a sequence of ring 
homomorphisms Ei : R — > T>i{R) which are compatible with the projective system. 
Fixing the identifications of each T>i with a power of the additive group, the map 



Ei may be presented as x 



(d ( o\x), 



dmi(x)) where each d^' : R — > R is 



(i) 



an additive operator. To say that these operators give R a P-ring structure is 
equivalent to imposing certain generalised Leibniz rules and identities relating the 
components of Ei to those of Ej . The second kind of data we require is a collection 



of morphisms of ring schemes Ajj 
following diagrams to commute. 



V 



i+j 



T>i o T>j . For iterativity, we require the 



R 



V. l+J {R) 



V 3 {R) 
Vi(Vj(R)) 



We were led to this notion of iteration by considering Matsumura's presentation of 
the theory for Hasse-derivations. 
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This theory of iterative Hasse rings is developed in Section [2] In the appendix 
we discuss several other examples showing that this formalism captures many of 
the interesting cases of rings with distinguished operators. 

Our main goal is to understand algebraic equations involving Hasse operators and 
these equations are naturally encoded by Hasse schemes, or really, Hasse subschemes 
of algebraic schemes. To make the issues more concrete, a 2?-equation in some V_- 
ring R is simply an algebraic equation on the variables and several of the operators 
applied to the variables. As such, the set of solutions naturally forms a subset of 
the i?-points of some algebraic scheme X and the equations themselves are encoded 
by projective systems of subschemes of prolongation spaces of X. We shall refer to 
these projective systems as ©-schemes. They are studied in some detail in SectionO 

If X is an algebraic variety over a field k, then by the nth jet space of X at a 
point p 6 X(k) we mean the space Horn/. (tTUc^/m^ 1 , k) . In Section[5]we define jet 
spaces for V- varieties and show that they have enough points to distinguish between 
different P-subvarieties, at least under an appropriate separability hypothesis. We 
have already encountered the main difficulty in [7J ; that the prolongation space and 
jet space functors do not commute. The interpolation map comparing the jet space 
of a prolongation with the prolongation of a jet space, introduced in [7J , is the main 
technical ingredient in our construction of jet spaces for 'D-varieties. 

To close this introduction, let us be clear about our aims in the present paper. 
We develop the geometry of algebraic equations involving additional operators. 
While our setting may be regarded as a generalisation of difference, differential, 
and Hassc-diffcrcntial algebra, our main goal is to unify these subjects rather than 
to generalise them (though our formalism does allow for such a generalisation). 
This unification manifests itself not only in proofs and constructions which apply 
equal well to each of the principal examples, but in a precise formalism for studying 
confluence between Hasse-differential and difference algebraic geometry. In terms 
of the geometry, our primary goal is to make sense of the linearisation of general 
P-equations through a jet space construction and then to show that these linear 
spaces determine the ^-varieties, at least under suitable separability hypotheses. 
Using noetherianity, this last point is a tautology for algebraic varieties, but it is 
far from obvious even when one specialises to a well-known theory of fields with 
operators such as partial difference or differential algebra. For finite dimensional 
difference/differential varieties, jet spaces were constructed by Pillay and Ziegler 8\. 
Our theory extends theirs to the infinite dimensional setting. 

In the present paper, we do not develop the model theory of general 2?- ne lds and 
leave such questions as the existence of model companions, simplicity, the behaviour 
of ranks, et cetera to a later work. Jet spaces were the key technical devices of 
the Pillay-Ziegler geometric proofs of the dichotomy theorem for minimal types in 
differentially closed fields of characteristic zero. In [B], arc spaces substituted for 
jet spaces to extend the dichotomy theorem to regular types. While arc spaces 
did the job in the differential case, jet spaces are preferable because they give a 
direct linearisation of the equations. Provided that the foundational model theoretic 
issues are resolved, our theorem on P-jet spaces determining V- varieties should give 
information about canonical bases of (quantifier-free) types in the corresponding 
theory of P-fields. 

Likewise, there are some closely allied algebraic issues we do not pursue here. 
For example, jet spaces are clearly connected to a general theory of P-modules. 
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Moreover, we have not fleshed out the theory of specialisations of P-rings nor in its 
local form a theory of valued V- fields. Each of these further developments motivates 
our research into jet spaces for Hasse varieties and will be taken up in a sequel. 



2. Generalised Hasse rings 

Let us recall the following conventions and definitions from [TJ. In this paper, all 
our rings are commutative and unitary and all our ring homorphisms preserve the 
identity. All schemes are separated. A variety is a reduced scheme of finite-type 
over a field, but is not necessarily irreducible. 

The standard ring scheme S over A is the scheme Spec (.A[x]) endowed with the 
usual ring scheme structure. So for all A-algebras R, S(R) = (R,+, x,0, 1). An 
S-algebra scheme £ over A is a ring scheme together with a ring scheme morphism 
ss ; § — ► £ over A. We view § as an S-algebra via the identity id : § — > S. A 
morphism of S-algebra schemes is then a morphism of ring schemes respecting the 
S-algebra structure. Similarly one can define S-module schemes and morphisms. 
By a finite free S-algebra scheme we mean an S-algebra scheme £ together with 
an isomorphism of S- module schemes ipg : £ — > S , for some £ £ N. Fixing ipg 
means that we have a canonical choice of basis {1, e\, . . . , e^-i} for £{A) over A. 
Replacing the ej by corresponding indeterminates Xj, we can write £(A) as the 
A-algebra A[Ai, . . . , Xg-{\/I where I is generated by expressions that explain how 
the monomials in {ei, . . . , eg-i} are written as ^4-linear combinations of this basis. 
In fact, this will induce canonical identifications of £{R) with R[Xi, . . . , Xe-i]/In 
for all ^4-algebras R, where In is the ideal generated by /. In particular, for all 
A-algebras R, we can identify £{R) with R<S>a £(A), both as A-algebras and £ (A)- 
algebras. 

Given a finite free S-algebra scheme £ over A, an £-ring is an A-algebra k together 
with an A-algebra homomorphism e : k — > £{k). A detailed study of £ -rings was 
carried out in [7J, and we will assume the results of that paper in what follows. 

We are interested in rings equipped with an entire directed system of f-ring 
structures for various £ . 

Definition 2.1 (Hasse system). Suppose A is a fixed ring. A generalised Hasse 
system over A is an inverse system of finite free S-algebra schemes over A, 2? = 
{V n | n € N}, such that Vq — S, and the transition maps 7r m ,„ : V m — * T> n , for 
m > 7i, are surjective ring scheme morphisms over A. We denote by s n : § — > T> n 
the S-algebra structure on £>„ and by ip n : T> n — > § in the S-module isomorphisms 
witnessing that V n is finite and free. 

Definition 2.2 (Hasse ring). Suppose T) is a Hasse system over A. A generalised 
Hasse ring (or V-ring) over A is an A-algebra equipped with a system of 2? ra -ring 
structures that are compatible with n. That is, a 2?-ring is a pair (k, E) where k 
is an A- algebra and E — {E n : k — > T> n (k) \ n e N} is a sequence of A-algebra 
homomorphisms such that 

(i) E = id, 
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(ii) the following diagram commutes for all m > n 

7T fc 

V m {k) — V n {k) 




k 



Remark 2.3. One may equally well describe a D-ring by giving a collection of 
maps {di^ n : k — > fc}neN,i<f„ via the correspondence tp n o E n = (<9i. n , . . . , 3e„ i7l ). 
That the collection {<9i,n} so defines a £>-ring structure on k is equivalent to the 
satisfaction of a certain system of functional equations. 

Our choice of a natural-number-indexing for Hasse systems is convenient but 
not absolutely necessary. Indeed, some contexts may be more naturally dealt with 
by considering Hasse systems that look like {V^ \ n £ W} or {T>n \ n £ Z r } 
with a correspondingly adjusted definition for the system of surjective morphisms 
tt. However, indexing by N does simplify the exposition somewhat, and all our 
examples can be made to fit into this setting. 

The first example of a Hasse system is where each D n = § and 7r m .„ = %p n = 
id. Then for any ^4-algebra k, the only 2?-ring structure on k is the trivial one 
with E n — id. This example captures the context of rings without any additional 
structure. Our main example, that of Hasse-differential rings, is discussed below. 
See the Appendix for a discussion of several other examples including difference 
rings, an analogue of q-iterative difference rings, and difference-differential rings. 

Example 2.4 (Hasse-Differential rings). Consider the Hasse system HD e = {T> n : 
neff} where for any ring R 

• V n (R) = R[r)i, . . . , T) e ]/ (rjx,..., rj e ) n+1 , where r\\,...,t] e are indeterminates; 

• : R — > T> n (R) is the natural inclusion; 

• '■ T^n(R) R tn is an identification via a fixed ordering of the monomial 
basis of R[r]i, . . . , r) e ]/(r]i, . . . , r] e ) n+1 over R; and, 

• for m > n, Tr^ n : T> m (R) — * T> n (R) is the quotient map. 

We have described this Hasse system by describing what happens at i?-points, but 
it is not hard to check that T> n is indeed a ring scheme and that s„, ip n , and 7r m .„ 
are all ring scheme morphisms. Writing E n (x) = d a (x)r/ a we see that 

a£N" ,\a\<n 

an HD e -ring in this case is a ring k together with a sequence of additive maps 
{d a : k -> fc} QeN = satisfying d a (xy) = ^ dp(x)d^(y), % = id, and d a (l) = 

/3+7=ct 

for \a\ > 0. 

A ring equipped with e Hasse-derivations can be viewes as an HD e -ring. Recall 
that a Hasse- derivation on a ring k is a sequence of additive maps from k to k, 
D = (D , D\ . . .), such that 

• Do = id and 

• D n (xy) - J2 D a {x)D b {y). 

a+b—n 

(cf. Section 27 of [5], for example.) Suppose Di, . . . ,D e is a sequence of e Hasse 
derivation on k and set E(x) = Di yCcl D2. a2 ■ ■ ■ D e a<i (x)r/ a . Then E : k — > 
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k[[r]i, . . . , rj e ]] is a ring homomorphism and we can view it as a system (E n )nev where 
E n is the composition of E with the quotient fc[[?7i, . . . , rj e ]] — ► k[r)i, . . . , f? e ]/(?7i> • • • , f]e) 
Then (k, E) is an HD e -ring. 

This example specialises further to the case of partial differential fields in charac- 
teristic zero. Suppose k a field of characteristic zero and d\ , . . . , d e are derivations 
d n 

on k. Then Di n :— — V, for 1 < i < e and n > 0, defines a sequence of Hasse- 
n! 

derivations on k. The HD e -ring structure on k is given in multi-index notation by 

E n (x):= V —.ff*{x)if where 9:= {d u ...,d e ). 
* — ' a\ 

a£N" ,\a\<n 

On the other hand we can specialise in a different direction to deal with fields of 
finite imperfection degree. The following example is informed by [11] : suppose k is 
a field of characteristic p > with imperfection degree e. Let ti, . . . , t e be a p-basis 
for k. Then t\, . . . ,t e are algebraically independent over F p . Consider F p [ii, . . . ,t e ] 
and for 1 < i < e and ngN, define 

and extend by linearity to F p [t 1; . . . , t e ]. Then (Dj, . . . , D e ) is a sequence of Hasse- 
derivations on F p [t 1; . . . , t e ]. Moreover, they extend uniquely to Hasse derivations 
on k (see Lemma 2.3 of [H]). This gives rise to an HD e -ring structure on k. 

It is not the case that every HD e -ring is a Hasse-differential ring. In section |2~21 
below we will introduce the notion of iterativity for Hasse systems and rings, and 
this will allow us to capture exactly the class of Hasse-differential rings. 



2.1. Hasse prolongations. A generalised Hasse structure on a ring k induces, for 
every algebraic variety X over k, a sequence of (abstract) prolongations of X in the 
sense of [7]. We recall the construction here. 

First some notation. Suppose V is a generalised Hasse system over A and (k, E) 
is a 2?-ring. For each n, E n : k —> T> n {k) gives T> n (k) a new fc-algebra structure 
which we will denote by D^ 71 (k) and refer to as the exponential /c-algebra. Note 
that as A-algebras, V^ n {k) and V n (k) are identical. More generally given any 
A-algebra a : k — > R, E n also induces an exponential fc-algebra structure on V n (R) 1 
namely the one given by 

k V n {k) P " (a) ? V n {R) 

which wc will denote by V^(R). 

Definition 2.5 (Prolongations). Suppose V_ is a Hasse system over A, (k,E) is a 
2?-ring, and X is a scheme over k. The nth prolongation of X, T(X,T> ni E n ), or 
just r n (X) for short, is the Weil restriction of X Xj, T>^ n (k) from V n {k) to k (when 
it exists). We usually write t{X) for ti(X). 

The characteristic property of prolongations is that for any fc-algebra R, there 
is a canonical identification 

(1) r n (X)(R)=X(V^(R)). 
Indeed, this is Lemma 4.5 of [7j. 
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Remark 2.6. (a) It is not always the case that the Weil restriction, and hence 
the prolongation, exists. However, if X is such that every finite set of points 
in X is contained in an affine open subscheme, then T n (X) does exist. So for 
example, if we restrict our attention to quasi-projective schemes, then we 
do not have to worry about existence. For more details on Weil restrictions 
see Section 2 of [7]. 

(b) Definition 12.51 is just the definition of an abstract prolongation (Defini- 
tion 4.1 of [7]), specialised to the finite free §-algebra schemes T> n . It 
follows from the work in that paper that r„ is a covariant functor which 
preserves etale morphisms, smooth embeddings, and closed embeddings (cf. 
Proposition 4.6 of [7]. 

For m > n, the morphisms 7r m-n : T> m — > T> n induce morphisms 7r m>rl : T m (X) — > 
r n (X). Indeed, since A; is a P-ring, we have that tt^ n : D^ n (k) — * T>^ n (k) is a 
fc-algebra homomorphism, and so, for any fixed fc-algebra R, so is the corresponding 
^mn '■ ^- , m m (-^) — * Now on P-points, using the identification (p} above, 

7Tm,n is just the map induced by tt^ n . See section 4.1 of [7J for more details on the 
morphism between prolongations induced by a morphism of finite free §-algebra 
schemes. 

Setting m = we see that the nth prolongation obtains the structure of a scheme 
over X; namely, 7r„.o : T n {X) — > X. 

Proposition 2.7. Suppose X is a variety (so reduced and of finite-type) over a 
V -field k. For all m > n, 7r mj „ : T m (X) — > T n (X) is a dominant morphism. 

Proof. Let K = fc alg be the algebraic closure of k. On i^T-points 7r m .„ is the map 
X(p%»(K)) -» X(p%»(K)) induced by ir m , n : V®™(K) -> V^{K). Hence the 
proposition will follow from the following general claim: 

Claim 2.8. If p : R — > S is a surjective map of artinian K -algebras and P £ X(S) 
is a smooth S -point of X , then there is an R-point Q € X(R) sent to P by the map 
induced by p. 

Proof of Claim \2.8l First of all, we can decompose R and S as products of artinian 
fc-algebras, R = (n"=i ^i) x @ anc ^ & — n™=i ^i, where the AjS and Bi& are local, 
and there exist local surjective homomorphisms pi : — * B>i, such that for all 
x = (ax, . . . , a n , c) G R, p(x) — (p\(a\) , . . . , p n (a n y\ , Now for each i < n, let 
Pi G X(B>i) be the image of P under the map X(S) — > X(Bi) induced by the 
projection S — > P>i. Since Ai is artinian, pi : A4 P>i is local, and Pj is a smooth 
Sj-point of X, we can lift Pj to a point Qi G X(Ai). As K is algebraically closed, 
we can find Qc G X(C). Now, letting Q G X(R) be the point which projects to 
Qc G X(C) and Qi G X(Ai) for i < n, we get that p maps Q to P as desired. □ 

We complete the proof of Proposition 12.71 Using the functoriality of the pro- 
longations, we may assume that X is irreducible over k. Now, by the claim, every 
smooth point of X(V%»{K)) is in the image of X(V^(K)) -> X(V^(K)). Let 
Y be the proper fc-closed subvariety of singular points of X. Then under the identi- 
fication X(V^(K)) = T n (X)(K),the set Y(V^{K)) is identified with t„(Y)(K), 
which is a proper fc-closed subset of T n (X)(K). Hence 7r mj „ : T m (X) — * r n (X) is 
dominant, as desired. □ 

Definition 2.9. Let V ra : X(k) — » r n (X)(k) be the map which, under the identifi- 
cation T n (X)(k) = X(V^(k)), is induced by E n : k -> V^(k). 
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Note that V is only defined on the fc-points. It is not an algebraic section, but 
rather a P-section. 

Lemma 2.10. For each n < ui, V„ is a section to 7r„ : T n (X)(k) —* X(k) and 
satisfies n n +i,n ° V„+i = V„. 

Proof. Immediate from the definitions. □ 

We record the following fact from [7J for later use: 

Fact 2.11 (Proposition 4.7(b) of [7]). Suppose f : X — > Y is a morphism of schemes 
over k and a 6 Y(k). Then T n (X)y n t a ), the fibre of r n (/) : r n (X) — > r n (Y) over 
V„(a), is T n (X a ). □ 

Example 2.12. In our main examples the prolongation spaces specialise to the 
expected objects. So for pure rings (when V n = §) we get r n (X) = X. For rings 
equipped with endomorphisms o\ , 02, . . . (this is Example 15.11 of the Appendix, 
when V = End) r n X = X x X" 1 x • • ■ x X CT '*, and V n (i) = (x, o-\{x), . . . ,a n {xj). 
In the Hasse-differential case of Example 12.41 the T n (X) and V„ are the usual 
differential prolongations with their differential sections. For example, if (fc, S) is an 
ordinary differential field of characteristic zero, then V n (x) — (x, S(x), . . . , S Jtf' ) . 
See Example 4.2 of [7] for more details on these particular cases. It is also worth 
pointing out that if V n = k[e]/(e) n+1 and E n — s n : k — > V n (k) is the usual 
inclusion, then r n (X) is the nth arc space of X, Arc„(X), and V n is the zero 
section. (The arc spaces are the higher tangent bundles; Arci(X) is the tangent 
bundle of X.) 



2.2. Iterativity. As explained in Section 4.2 of [JJ we can compose finite free S- 
algebra schemes. Specialising to Hasse systems, for all m,n € N we get finite 
free §-algebra schemes 2?( m „) := V m V n . So for any ^4-algebra R, 2?( m .„)(i?) = 
r Dm{Pn{I£j) where the i?-algebra structure is given by 

R = >- V n {R) ^ V m (V n (R)) . 

There are also the 2?( m „)-ring structures on k, Er m , n ) '■= E m E n , given by 

k PmW V m (V n {k)) . 

What Proposition 4.12 of [7J tells us is that T n (r m (X)j = t(X, ^(m, n )! -S(-m,n)) an d 
V n o V m = Vu (m n) ,E( m „)■ Note that in this context, for m! < m and n! < n, 
we have the ring scheme morphisms TT(m,n),(m' ,n') '■ ^(m,n) ~^ T^(m',n') given by the 
composition 

R T> n ,{R) 

V m (V n (R)) Vm (V n , (R)) * m ' m ' V' m (V n , (R)) . 

It is a matter of fact that all the examples of Hasse rings corresponding to the 
various Hasse systems that we are particularly interested in satisfy some further 
relations not implied by the definition of being a Hasse ring. These further relations 
can be viewed as certain iterativity conditions relating Et m , n ) with E m+n . We 
formalise this as follows. 
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Definition 2.13. An iterative Hasse system is a Hasse system 2? over a ring A 
together with a sequence of closed embeddings of ring schemes over A 

A = (A( min ) : V m+n -> 'D( m ,n)) m neN 

such that: 

(a) A is compatible with n. That is, for all to' < to and n' < n, the following 
diagram commutes: 



V 



m+n 



■ x>. 



(m,n) 

(m,«), («>',»') 



A,,„, 



m'+n' 



' *^ \m' ,n') 



(b) A is associative in the sense that for all £ , to, n, and any A-algebra R, 
V e (V rn+n (R)) Ve{A ^ } \ V e (V m (V„{R))) 



£V|-m+n(-R) 



A, 



A B„(H) 



•2?£ +m (£>„(#)) 



commutes, 
(c) A (mj0) = A( 0> „) = id for all m, n > 0. 

We say that (fc, 2?) is an iterative Hasse ring (or more accurately A-iterative) if it 
is a ©-ring and 



V m+n (k) 



V m (V n (k)) 




commutes for all to, n G N. That is, A^ m n ^ : 2?^+" (fc) — ► 2? /Jj^? 5 (fc) is a /c-algebra 
map for all to, rt G N. 

Remark 2.14. The iteration maps induce morphisms A( mn ) : T m+n (X) —> r n (r m (X)) 
such that the following diagram commutes: 




n(r m (X)) 



(cf. Propositions 4.8(a) and 4.12 of [7]). Moreover, since the iteration maps are 
closed embeddings, these induced morphisms are also closed embeddings (cf. Propo- 
sition 4.8(c) of 0). 



We will need the following lemma later: 
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Lemma 2.15. Suppose ("D, A) is an iterative Hasse system. Then for all m,n G N, 
and all A-algebras R, the following diagram commutes: 



V m (V n+1 (R)) 
V m (V n {R)) - 



' T^m+n+l(R) 
A, 



■V 



m+1 



{v n (R)) 



Proof. This is a combination of the associativity of A together with its compatibility 
with 7T. We will prove that the desired diagram commutes by proving that three 
other diagrams commute. First of all, 



(2) 



V m (V n+1 (R)) 

Z>m(A (1 , B) ) 

V m {Vi{V n {R))) 



V 



m+n+l{R) 
A, m , 1. 



V 



m+1 



(?>n(R)) 



commutes as it is an instance of Definition 12. 131 ^ (associativity). Next, note that 
the following diagram is an instance of Definition 12 . 13( a) with (1, n) and (0, n) (the 
compatibility of A with n), and hence commutes: 



V n (R) 




V 1 {V n {R)) 
Applying the functor V m we get that 



V m (V n {R)) 




(3) V m (V n+1 (R)) 

P™(A (1 ,„)) 

V m {Vi(V n (R))) 

commutes. Finally, the following is also an instance of Definition ^. 13T a) with (to, 1) 
and (to, 0), applied to the ring T> n {R) 



(4) 



V^V^V^R))) 




V m (V n {R)) 



m+1 



'Pn(R)) 



Putting the commuting diagrams Q, and ^ together proves the lemma. □ 

We now point out that the Hasse system coming from our main example admits 
a natural iteration such that the corresponding iterative Hasse rings form exactly 
the intended class: rings equipped with commuting iterative Hasse-derivations. See 
the appendix for a discussion of iterativity for other examples. 
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Consider the Hasse system HD e from Example [231 So, for R any ring, V n (R) = 
R[r)i, . . . , 77e]/(?7i, , . . . , rj e ) n+1 . We define A so that for all i?, A^ n * from 

V m+n {R) = R[ m , . . ., Ve ]/( m , , . . . ,ve) m+n+1 

to 

V m ipn{R)) = i?[Cl, € e ]/(Cl, . . . , CO"^!, € e ) m+1 

is given by 77, i-> ((; + e ; ). 

Proposition 2.16. TTie system A = (A( m „) : m, n S N), above, makes HD e 
info an iterative Hasse system. The A-iterative HD e -rings in this case are exactly 
the rings equipped with e commuting Hasse derivations satisfying the additional 
identities 

a + b 



D a D b = I " J D a+b 

/or a, 6, € N. (Hasse derivations satusfying these identities are called iterative 
Hasse derivations.) 

Proof. We first observe that (HD e ,A) is an iterative system. Indeed, A m ^ n is a 
closed embedding of ring schemes, it is compatible with tt, and it is associative (the 
latter is just the associativity of +), and A/ m m = ^(o,n) = id. 

Now suppose (k, E) is an HD e -ring. For each n, write E n {x) = d a (x)r] a . 

aeN c ,|a|<n 

Let Di^ n := d(n n o)> wnere here the multi-index has n in the ith co-ordinate and 
everywhere else. So Di := (-Di,o, ^1,1, ...),..., D e := {D e . , D e ,i, . . . ) form a se- 
quence of e Hasse derivations. Now, writing out A( m „) o E m+n using the binomial 
coefficients, we see that A-iterativity in this case is equivalent to 

(5) dadp = ( a ~p^ ^J d a+I3 

for all multi-indices a and j3. In particular it implies that each D.; is an iterative 
Hasse derivation and that they all commute (indeed all the d a commute). Con- 
versely, suppose d a — Di, ai ■ • • D e e for each a, and Di, . . . , D e form a sequence of 
e iterative commuting Hasse derivations. Then it is not hard to see that (JS|) holds 
and so (fc, E) is A-iterative. □ 



2.3. Jets and interpolation for Hasse prolongations. For a scheme X over a 
ring k, by the nth jet space of X, denoted by Jet n (X) — » X, we mean the linear 
space associated to the (coherent) sheaf of Ox-modules T/X n+1 , where X is the 
kernel of the map Ox ®k Ox — * Ox given on sections by / (g> g *—> fg. Moreover, 
Jet™ is a covariant functor, its action on morphisms f : X —> Y being the natural 
one induced by /' : f~ x Oy — > Ox ■ More concretely, if A; is a field and p £ X(k) then 
3et n (X) p (k) = Hom fc (mx, p /m£+\fc), and Jet n (/) p : 3et n (X) p -» Jet"(r) /(p) is 

given by precomposing with /| : ^Yj(p)/^Y + f\p) ~ * m ^,p/ m x^p ■ F° r details we 
refer the reader to section 5 of [7], which is dedicated to a review of the relevant 
properties of this functor. 

One of the main purposes of [JJ was the introduction of a certain interpolat- 
ing map between the jet space of an abstract prolongation and the prolongation 
of the jet space. In this section we consider that map, specialised to our set- 
ting of Hasse prolongation. Fix an iterative Hasse system V, an iterative P-ring 
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(k,E), and a scheme X over k. For each m, n 6 N we have an interpolating map 
(j)^ „ : Jet™ T n (X) — > r n Jet m (X), which is a morphism of linear spaces over T n {X), 
satisfying the following properties (these are parts of Proposition 6.4 of [7|, spe- 
cialised to this setting): 

Proposition 2.17. (a) The interpolating map is compatible with tt. That is, 
for all n > n' , the following diagram commutes: 

Jet m (#„ „,) 

Jet™ r n (X) Jet™ TV (X) 



T n 3et m (X) 



■r n , Jet m (X) 



(b) The interpolating map is compatible with A in the sense that for all n, n' 
the following diagram commutes: 

Jet T n+n i (X) : — ^ Jet m r„/ r„ {X) 



1,71 + 71' 



r n+n , 3et m (X) 



■T n ,T n Jet m (X) 



(c) The following diagram commutes for all n, n' 
Jet m T n ,T n {X) 




TV Jet m r„(X) 



T n ,r n Jet m (X) 

Proof. Part (a) is Proposition 6.4(c) of [7], applied to a = ir n , n i. Part (b) is 
Proposition 6.4(c) of [7], applied to a — A n>n '. Part (c) is Proposition 6.4(b) of [7], 
applied to (£, e) = (27 n , £„) and /) = {V n ,,E n ,). □ 

Besides the above foundational properties of the interpolating map, the main 
observation from [7] is the following fact: 

Fact 2.18 (Corollary 6.8 of [7]). Suppose k is a field and X is of finite-type. If 
p G X(k) is smooth, then for all m, n £ N, 0^ n restricts to a surjective linear map 
between the fibres of 3et m T n (X) and r„ 3et m (X) over V n (p) S r n (X)(k). □ 



3. Hasse subschemes 

Fix an iterative Hasse system (V, A) and an iterative 2?-ring (fc, E). 

It is possible to develop a theory of P-schemes in analogy with algebraic schemes 
starting with a theory of sheaves of P-rings. This would generalise, for example, 
the approach taken by Kovacic in [4] and Benoist in [2] in differential-algebraic 
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geometry. As their work exhibits, there are a number of subtle and interesting 
foundational problems that arise in doing so. Moreover, for the V-jet space theory 
we wish to develop here, it seems essential that our P-schemes come equipped 
with a fixed embedding in an algebraic scheme. So we will restrict ourselves to 
the following approach: we fix an algebraic scheme A over k and introduce only a 
theory of Hasse subschemes of X. 

Definition 3.1. Suppose X is a scheme over k. A Hasse (or V-) subscheme of X 
over k is a collection of closed subschemes over k,Z = (Z n C Tn (X) : n G N), such 
that: 

(1) For all n G N, the structure morphism Tt n : T n+ i(X) — > t„(A) restricts to 
a morphism from Z n+ \ to Z n . 

(2) For all m G N, the morphism A( m ,i) '■ T m +x(X) — > r(r m (A)) induced by 
iterativity, restricts to a morphism from Z m+ i to r(Z m ). 

By the k -rational points of Z_ we mean the subset of A(fc) given by 
Z{k) := {p G X{k) : V„(p) G Z n {k), for all n G N} 

We will also utilise the following terminology: 

• Z_ is dominant if each projection Z„ + i — > Z n is dominant. 

• Z is separable if each projection Z n+ i — > Z„ is separable. 

• Z_ is (absolutely) irreducible if each Z„ is (absolutely) irreducible. 

• If A is in fact a variety (so reduced and of finite-type over the field k), then 
we say that Z_ is a Hasse subvariety if each Z n is a subvariety of (r ra A) rec j. 

Note that if A is a variety over a field k, then every closed subvariety, Y, can be 
viewed as a dominant Hasse subscheme by considering Y_ := (r n (l") : n 6 N); so 
that Y_(k) — Y(k). (Domination is by Proposition 12. 71 ) Moreover, we can consider 
the dominant Hasse subvariety Y_ lcd := (r n (y) re( j : n G N), which also has the 
property that Y_ red (k) = Y(k). 



3.1. Some preliminary observations. We establish a few lemmas which clarify 
the definitions a little. 

Lemma 3.2. Suppose Z_ is a V-subscheme of a scheme X over k. For all m,n G N, 
the morphism A( m n ) : T m+n (A) — * T n (r m (X)) induced by iterativity, restricts to a 
morphism from Z m+n to T n (Z m ). In particular, Z n C r n (Zo) for each n G N. 

Proof. Note that part (2) of Definition 13.11 is just the n = 1 case of this lemma. 
The 'in particular' clause follows from the m = case of the main clause using the 



fact that A 



(0,n) 



id. 



We prove the lemma by induction on n, the case of n — being trivially true as 
A( m g) = id. Now, for any n, consider the following diagram which commutes by 
the associativity of A (part (b) of Definition 12.131) : 



T~m+n+lX 



TT m+n X 



r(A* ) 



' T n+ iT m X 
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Let us chase Zm+n+i from the top left to the bottom right, counter-clockwise. By 
part (2) of Definition 13.11 A m + n> i takes Z rn+n+ i to r(Z m+ „). By the induction 
hypothesis, A( m „) takes Z m+n to r n (Z m ). Applying the functor r we get that 
r(A m>I i) takes r(Z m +, i ) to TT n Z m . So, counter-clockwise, Z m + n +i gets sent to 
TT n Z m . So, from the above diagram, we get that A mj „+i restricts to a morphism 
from Z m+n+ \ to (A^\ x ) 1 (TT n Z m ). Now, as A^"| X is a closed embedding (Re- 
mark EH!]), and t T n+ iZ m = A^J : T n +iZ m — » TT n Z m (this is the functori- 
ality of A, cf. Proposition 4.8(b) of [7]), we get that (A^™ x ) 1 (rr„Z m ) = T n +iZ m . 
So A mjn +i restricts to a morphism from Z m + n +i to r n +i^ m , as desired. □ 

Dominant Hasse subschemes, as we have defined them, are given by a compatible 
sequence of algebraic conditions on the prolongation spaces. It might be more 
natural to consider arbitrary algebraic conditions. The following lemma holds the 
germ of an abstract version of the Frobenius integrability condition. That is, we 
present an effective procedure by which one may check whether or not a system 
of P-equations is consistent, here, in the sense of generating a nontrivial iterative 
V- variety. 

Lemma 3.3. Suppose X is a scheme over k and Y n C T n (X) is a sequence of 
closed subschemes. Then there exists a dominant Hasse subscheme Z_ = (Z n ) such 
that for any V-ring k' extending k, Z_(k') = {p£ X(k') : V n (p) G Y n (k') 7 n < uj}. 

Proof. Let C be the set of all sequences of closed subschemes W n C r n {X) such 
that for all P-ring extensions k' of k, 

{p G X(k') : V n (p) G W n (k'),n< u>} = {pE X{k') : V„(p) G Y n (k'),n < uj}. 

Order C by (W„) C (W/J if W n C W' n for each n < uj. Note that the intersection 
of any decreasing chain in C is again in C. So by Zorn's Lemma we have a minimal 
element (Z n ) of C. We claim that Z_ := (Z n ) is a dominant Hasse subscheme of X. 

Fixing m we show that 7r m +i jm restricts to a map from Z m+ i to Indeed let 
(W„) be defined by W n := Z n for and VF m+ i := n m +i, m ( z m) H 2 m+ i. 

Then, since by Lemma [2.10l 7r(V,„ + i (p)) = V m (p), (W„) is again in C and (W n ) C 
(Z„). By minimality we have = Z m . So 7T m +i jm restricts to a map from Z m+ \ 
to Z m , as desired. 

Next, we show that Tt m +i,m restricts to a dominant map from Z m+ i to Z m . Let 
Wm ; — ^m+i.m{Z m +i) and VF„ := Z„ for all n ^ m. Again Lemma 12.101 implies 
that (W n ) is in C and so by minimality W m — Z mi as desired. 

Finally, fixing m we need to show that A( m l ) restricts to a morphism from 
Z m+ i to r(Z m ). Define (W n ) so that W n = Z n for each n ^ m + 1 and W m +i : = 
Z m+1 n A (n 1 i l) (T(Z m )). Since A (wiil) (V ro+ i (p)) = V(V m (p)) by Remark [231 

(W„) is in C. By minimality we get W m +i = Z m +\, which means that A( m l ) 
restricts to a morphism from Z m+ \ to r{Z m ), as desired. □ 

Example 3.4. Consider the iterative Hasse system HD e of Example 12.41 and 
Proposition 12.161 If (k,di, . . . ,d e ) is a (partial) differential field of characteris- 
tic zero (viewed in the natural way as an iterative HD e -field) then every system of 
differential-polynomial equations over k, in say £ differential variables, gives rise to 
a dominant Hasse subscheme of A e . Indeed, such differential-polynomial equations 
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correspond to algebraic condition on the prolongation spaces - and thus give rise 
to a system of closed subschemes Y„ C T n (A e ). Now apply Lemma \3. 31 

Before moving on, let us briefly discuss the issue of irreducibility for Hasse sub- 
varieties. The definition we have given, namely that each Z n is irreducible, is rather 
strong. For example, one cannot expect that every Hasse subvariety can be writ- 
ten as a finite union of irreducible Hasse subvarieties. However, we do have the 
following: 

Lemma 3.5. Suppose X is a variety (so reduced and of finite type over the V-field 
k) and Z_ is a dominant Hasse subvariety of X over k. Then for each N < to there 
exists finitely many dominant Hasse subvarieties Y} , . . . , Y_ CZ such that 

• for any V-ring k' extending k, Z_(k') = Y}{k') U • • • UY_ (kf), and 

• for all m < N, Y 7 l n is k-irreducible for i — 1, . . . , I. 

Proof. The proof is by Noetherian induction on Zn- If Zn is fc-irreducible then so 
are all the Z m for m < N by dominance - and hence we are done. Suppose we can 
decompose Zn as a union of two proper fc-closed sets, say U and V. Replacing Zn 
by U and then by V in the sequence (Z n ), and then applying Lemma 13.31 to the 
these two sequences, we get dominant Hasse subvarieties Z^ and Z^ over k such 
that Z_{k') = Z u (k') UZ v (k') for any ©-ring extension k' of k. Now Z% CU C Z N 
and Z^f C^C Zn ■ By induction there exists Y} , . . . , Y_ e satisfying the lemma 
for Z_ u , and W 1 , ... ,W S satisfying the lemma for Z_ v . But then {Y\W 3 : i = 
1, . . . , I, j = 1, . . . , s} works for Z_. □ 

Iterating the above construction we see that every dominant Hasse subvariety 
can be written as a union of 2^°-many fc-irreducible Hasse subvarieties. 



3.2. Some P-algebra. While it is our intention to avoid developing the algebraic 
side of this theory in detail, the definition of a P-subscheme given above is best 
motivated by thinking about P-polynomial rings and ideals. For the sake of sim- 
plicity (and by working locally) we fix an affine scheme X = Spec over an 
iterative P-ring k. Note that for each n, r n (X) will then also be an affine scheme 
over k. 

Remark 3.6. In this section we will repeatedly, and implicitly, use the fact that 
for any fc-algebra R, V n (R) is canonically isomorphic to R CS>/c T> n (k) both as a 
fc-algebra and as a £>„(fc)-algebra (see the discussion at the beginning of section [2}. 
Moreover, under this identification, T>^ n (R) is identified with the ring R<3k T> n {k) 
together with the fc-algebra structure given by a \— > 1 ®k E n (a). The canonicity 
in the above identifications stem from the fact that we have a fixed isomorphism 

Let k(X) denote the direct limit of the co-ordinate rings k[r m X} under the 
homomorphisms induced by itm+i.m ■ Tm+\X — > r m X. There is a natural V- 
ring structure on k(X), which we now describe. Recall that coming from the 
definition of prolongations via Weil restrictions we have an nth canonical morphism 
r* : T n (X) Xfe T> n (k) — > X for each n e N. It is this morphism that gives us 
the identification r n {X){R) = X(V^ n (R)). Indeed, that identification is by p ^ 
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r n ° (p x k D n (k)). See Definition 4.3 of [7] for details. One thing to remark is that 
r x is not over k in the usual manner, rather we have the commuting diagram 

T n {X) x k V n (k) ^ X 




Spec (©„(&)) 




Spec(fc) 

where E n is the morphism of schemes induced by E n : k — > T> n (k). Put another 
way, working at the level of co-ordinate rings, r x induces a fc-algebra morphism 
from k[X] toV^(k[X]). 

Fixing n, m 6 N we can consider the nth canonical morphism applied to T m X, 
namely r^ mX : t„(t„J) x k V n (k) — > r m X. Pre-composing with A m! „ x k V n {k), 
we obtain 

(X) x k V n {k)^r m X. 
On co-ordinate rings this induces 

E X ' m : k[r m X] -> V n (k[ Tm+n X}). 
These maps lift E n . That is, 



k[r m X] 3- T> n (k[ (x)}) 

k — — *-v n (k) 



commutes; or, if you like, E x - m '■ k[T m X] — > T>^ n (fc[r m +„X]) is a fc-homomorphism. 
We view these maps as approximating a P-ring structure on fc[r m X], extending the 
2?-ring structure on k. Since T> n (fc[r m+ „X]) = fc[r m+ „X] T> n (k), and tensor 
products commute with direct limits, taking direct limits of E X ' m give us E x : 
k(X) -> V n (k(X)) which lift E n . We set E x := (E x : n E N) and show that it 
endows with the structure of an iterative P-ring. 

Proposition 3.7. (k(X),E x ) is an iterative V-ring. 

Proof. Since r^ mlyX ^ — id for all to, E x = id. Next we show that E x is compatible 
with 7r; that 

V n+1 (k(X)) >V n {k{X)) 




k(X) 
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commutes for all n <E N. Passing to the finite stages of the direct limits involved, 
this reduces to showing that for every m £ N, 



V n+ i(k[T m+n+ iX]) 
k\r m X] 



Mi, 



' T^n{k[T m+n+1 X]) 

' E X,m+l 

' k\T m +xX] 



commutes. Looking at the definition of E x , we see that the commuting of the 
above diagram is equivalent to the commuting of the following diagram: 



id X fc 7T„ + i „ 

(G) x x k V n+l {k)^ — = x x k V n (k) 



A (mi „ + i)X fc I3„ + i(fc) 



T n +l{T m X) X k V n+ l(k) 



A (m+ i,„,x fc X>„(fc) 



T n {Trn+\X) Xfe V n (k) 



T m +lX 



To prove that diagram ([6]) commutes we will introduce four auxiliary diagrams and 
prove that they commute. First of all, 



(7) X x k V n+1 {k) 



A (m , n+1) X fe I5„ + l(fe) 



id XkKn+l,' 



X x k V n {k) 



T n+1 (T m X) x k V n+1 (k) 



id X7T n -\-i^ 



A (m ,„ +1) x fc X>„(fc) 



T n+ i(T m X) x k V n {k) 



clearly commutes. Next, the commuting of 



id X k ir n +i, n 

(8) T n+ i{r m X) x k V n+ i(k) -« T n+ i(r m X) x k V n (k) 



T m X 



T n {r m X) x fe V n (k) 
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is the compatibility of the canonical morphism r n with n n +i,n, which is Lemma 4.9 
of [7]. Now, Lemma \2 . 1 51 tells us that 

T n+l{ T mX) ■< T m+n+ iX 



A( m+ i,„) 



T n (j m X) -s ^— ^ T n (r m+ iX) 

commutes. Tensoring this with T> n (k), gives us that 

A( m „ +1) x fc x>„(fc) 

(9) T n+1 {r m X) x k V n (k) V — ' x x k V n (k) 



T n {T m X) x k V n (k) ■ 



r n (T m+1 X) x k V n (k) 



commutes. Finally, the functoriality of the Weil restriction, and the associated 
canonical morphism, means that 



(10) T n {T m X)x k V n (k) 



T n {T m +lX) X k T> n (k) 



T m X 



' T m +\X 



commutes. We leave it to the reader to paste together the commuting diagrams ([7]), 
©, ©, and Uni), to obtain the desired diagram ©. We have shown that (k(X), E x ) 
is a P-ring. 

It remains to show that E is iterative. We need to show that 



V r+n (k(X}) 



V r (V n {k{X))) 



k(X) 

commutes for all r, n G N. Passing to the finite stages of the direct limit this reduces 
to showing that for all m e N, 



r Dr+n{k[T m+r+n X" [ \ s ) 



A, 



r+n 
kWmX] 



■ V r (V n (k[T m+r+n X])) 

— ^ V r {k[T m+r X]) 
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commutes. Writing out the definitions of the maps, we have to show that 
(11) 

id x fc A (r _„) 



Tm+r+nX Xfe 2? r _|_ n (fc) 



A (m , T . + „ ) x fc r> r+ „(fc) 



T r+n{ T mX) X k T> r+n (k) 



T m +r+nX Xfe V r (V n (k)) 

A (m+r , n) x fc x> r (z>„(fe)) 

X) x k V r (V n (k)) 



r+n 



T„,X ■ 



■ T r (T rn X) Xfe V r (k\ ■ 



x fc X>,(fe) 



T m+r X Xfe V r {k) 



A (m<r) x k V r (k) 

commmutes. Here, r% n+r x k T> r (k) requires some explanation as rn n+rX is not over 
k in the usual sense: Let a : k[T m + r X] — » T>^ n (fc[r m + r X]) be the fc-homomorphism 

induced by rn m+rX ■ What we mean by 

r£** x Xk . Tn ( Tm+rX ) Xfe V r (V n (k)) -» T m+r X Xfe V r {k) 

is really the morphism of schemes induced by the fc-algebra homomorphism 

a ® k V r (k) : k[r m+r X} ® k V r (k) -> Z>f » (A:[r m+r X]) ® fc P r (fc) 

composed with the (not over k) isomorphism between T>^ n {k\T m+r X\) <S> k T> r (k) 
and k[T m+r X] ® k V r (V n (k)). 

Toward the proof that diagram (fTTj) commutes, suppose Y is a scheme over k. 
Recall that T n (r r Y) is the prolonagtion of Y with respect to "Di r ,n) an d ^(r,n) (d- 
Proposition 4.12 of [7]). A such, we have the canonical morphism 



y _ Y 

r (r,n) '■— r, D( r ,„),B( r ,„) ' T " 



t (T r F) x ; P r (2?„(fc)) -f y. 
Now, by Lemma 4.9 of [7], the following diagram commutes: 

id XfcA(v in ) 



r r+ „(y) x fe X> r (D„(fe)) 

Af r ..„,XfcC r (-D„(fc)) 

r„(r r y) Xfe£> r (D„(fc)) 

But we also have, be Lemma 4.4 of [7], that 

r Y 

Y ? — T n (r r Y) Xfe V r (V n {k)) 



T r+n (Y) Xfe V r+n (k) 



Y 



-rff Y x k V r (k) 



.{Y) x k V r (k) 
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commutes. Putting these two diagrams together we get 



T r +n(Y) Xfe V r+n (k) 



id x fc A 



■T r+n (Y) x k V r (V n {k)) 



T r (Y) Xfe V r (k) T n (T r Y) Xfe V r {V n {k)) 



commutes. Now apply the above commuting diagram to Y = r m X. This yields the 
commuting diagram 



T r + n (T m X) x k V r+n (k) ■ 



id x fc A( r , n ) 



(T m X) x k V r (V n {k)) 



T m X 



TmX ■ 



A^x fc X> r (p n (fe)) 



■ T r (r m X) x fc V r {k\ < x T n {T r T m X) x fe V r (V n (k)) 



We can lift the top line of this diagram to get the commuting diagram 



(12) 



T m +r+n(X) X k T> r+n (k) 



A f m ,r+n) x kT> r +n(k) 



T r +n(T m X) X k V r+n {k) 



id XfcA (ri „) 



(X) X k V r {V n {k)) 



Af m , r+ „)X fe I7 r (x)„(fc)) 



T r+n {T m X) x k V r (V n {k)) 



T r {T m X) Xfe V r (k) < T n (r r T m X) x k V r (V n {k)) 
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The desired diagram (fTTj) is obtained from diagram (fT2|) above by pasting onto its 
right side the following two commuting diagrams: 

T r+n (T m X) X k T> r [V n (k)) T m +r+n{X) X k V r (V n (k)) 



A 



^X t B r (!3»(i)) 



A (m+f ,„)X k D r D„(ii) 



T n (T r T m X) x k V r (V n (k)) - 



l (A (mjr) )x fc -D r (p„(fc)) 

which is by the associativity of A, and 



T„(T m+r X) x k V r {V n (k)) 



T n (T r T m X) X k T> r (V n (k) 



n (A (miT) )x k T> r (v„(k)) 

x k V r (v n (k)) 



n (T m+r X) X k V r (V n {k)) 

' m+rX x k V r (v n (k)) 



A (m r) x k V r (k) 

T r (r m X) x k V r (k) -« : T m+r X x k V r (k) 

which is by the functoriality of the prolongation and the associated canonical mor- 
phism. This proves that diagram commutes, and completes the proof of Propo- 
sition O □ 



Now let Z_ be a 2?-subscheme of X. Since the maps T m+ \X — > r m X restrict 
to Z m +i — > Z m , on co-ordinate rings we have that fc[r m X] — > fc[T m +iX] induces 
maps on the quotients k[Z m ] — ► k[Z m +i]. Letting be the direct limit of 

the k[Z m ], we have that is a quotient of fc(X) (by the direct limit of the 

ideals that define the Z m ). We call k{Z) the V- co-ordinate ring of Z_. The 2?- 
ring structure on k(X) induces one on k(Z_). Indeed, for each m and n, the map 
T m +n{X) Xfe T> n {k) — v r m X which is obtained by pre-composing the canonical 
map r^ mX : T n {r m X) x k T> n (k) — ► r m X with A m> „ Xfe T> n (k), restricts to a map 
Z m +n Xfe 2?„(fc) -> Z m . Hence E*' m induces 

E§> m : k[Z m ]^V n {k[Z m+n ]), 

Taking direct limits we get £# : k(Z_) -> V n (k(Z_)), which is induced by £7*. 
Setting i£— ;= (Jj£ : n £ N) we have shown: 

Corollary 3.8. If Z_ is a ~D_- sub scheme of X then [k(Z), E—j is an iterative V-ring 
and the quotient map p : k(X) — > fc(Z) is a P-homomorphism; i/ia£ zs, 

E -tv n (k(x)) 



HZ) 



V n {k{Z)) 



commutes for each n. 



□ 
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3.3. Generic points in fields. The geometric theory of P-subvarieties over V- 
fields goes much more smoothly if we can be guaranteed that in some 2?-field ex- 
tension our P-subvariety has a generic point. This will not always be the case. In 
this section we introduce a condition on the Hasse system which will guarantee us 
the existence of generic points in 2?-field extensions. 

Definition 3.9. Suppose (k,E) is an iterative P-ring and S C k\ {0} is a mul- 
tiplicatively closed set. We say that E localises to S~ 1 k if for every n e N, 
E n : k — > T> n (k) extends to a ring homomorphism E n such that 



V n (k) 
z>„« 

VniS^k) 



S- l k 

commutes. We say that the Hasse system X> extends to fields if whenever (i?, E) is 
an iterative ©-integral domain, and K is the fraction field, then E localises to K. 

Remark 3.10. Suppose (k,E) is an iterative V-ring and S C k \ {0} is a multi- 
plicatively closed set such that E localises to S~ 1 k. Then each E n is unique and 
(S~ 1 k,E := (E n : n S N)) is an iterative V-ring. Indeed, if S S~ x k then as 
E n is a ring homomorphism, E n {Lh) is a unit in D n (S~ 1 k) and E n (j^) — - E "( ta ) 

V n {u){E n {a) 



b> £„(ib) ~~ 

This gives uniqueness. Two straighforward diagram chases now show 



V n (t,){E n (b) 

that E := [E n ■ n £ N) is compatible with ir and A (since E is), hence making 
S~ x k into an iterative P-ring. 

Proposition 3.11. Suppose V is an iterative Hasse system over A such that for all 
n, the kernel ofir n ^o '■ T> n {A) — > A is a nilpotenty ideal, I n . Then for any iterative 
V-ring (k, E) over A, and any multiplicatively closed set S C k \ {0}, E localises 
to S~ 1 k. In particular, "D extends to fields. 

Proof. Fix n G N. By the universal property of localisations, the existence of such 
E n will follow once we show that T> n {i) (E n (s)) is a unit in T> n (S^ 1 k), for each 
s6S. Consider the commuting square 



■V n {k) 
V n {S- l k) 



S' l k^ 

Now, the kernel of the surjective homomorphism 7r„.o : ~D n (S k) — > S~ l k is the 
nilpotent ideal S _1 fc ®^ / n , and hence the units of V n (S~ l k) are just the pull- 
backs of the units of S~ 1 k. In particular, as n n ,o\V n (t)(E n (s))') = i(s) is a unit in 
S~ x k, we get that Z> n (t)(.E n (s)) is a unit in V n (S~ 1 k), as desired. So the required 
extensions E n : S~ 1 k — > T> n (S~ 1 k) exist. □ 

Corollary 3.12. T/ie iterative Hasse system HD e wserf to study Hasse- differential 
rings in Example\2.4\ extends to fields. □ 
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Here is why this property of extending to fields is useful: under this assumption 
our Hasse varieties will always have many rational points in field extensions. More 
precisely, 

Proposition 3.13. Suppose V_ extends to fields, (k,E) is an iterative 'V-field, X 
is an algebraic variety over k, and Z_ is a dominant irreducible Hasse subvariety of 
X over k. Then there exists an iterative T)-field extension (K,E) of (k,E) and a 
point b £ Z_(K) such that V n (6) is k-generic in Z n for all n £ N. We say that b is 
k- generic in Z_. 

Proof. Suppose Z is a dominant irreducible Hasse subvariety of X over fc. We 
construct a P-extension K of k such that Z_(K) contains a "fc-generic" point. Let 
k(Z), which is the direct limit of the k[Z n ], be the Hasse co-ordinate ring. By 
irrreducibility each k[Z n ], and hence k(Z_), are integral domains. Let K be the 
fraction field of k(Z), the Hasse rational function field of Z_. Since P extends to 
fields, the iterative P-ring structure on k{Z_) extends to an iterative P-field structure 
on K . 

Let a : k(Z) — » K be the inclusion of the integral domain in its fraction field. 
For each n £ N, let a n : k[Z n ] — > K be the homomorphism obtained from a by 
precomposing with the direct limit map from k[Z n ] to k{Z). The dominance of the 
maps Z m+ \ — > Z m imply that a n factors through k(Z n ), the rational function field 
of Z n . That is, a n £ Z n (K) is fc-generic in Z n . 

Next we prove that for each n £ N, V ra (ao) = a n . First note that the following 
diagram commutes since a is the inclusion in the fraction field and the P-structurc 
on K extends that on k(Z_): 



K 



k(Z) 



■V n {K) = K® k V n {k) 



E„ 



a® k V n (k) 



k(Z) ® k V n {k) 



On the other hand, since E n on k(Z_) comes as the direct limit of the maps En'' 
(see Section [XU , we have 



k(Z) 



k[Z ] 



k(Z) ® k V n {k) 



k[Z n ] ® k V n {k) 



z o 

Putting the two diagrams together, and remembering how En'' is defined and that 
V n (ao) is the point in T n Z${K) induced by E n o ao, we get 



K 



V n {K) 



v„(a )® fc r>„(fc). 



k[Z ] 



Hence, as X-points of T n Zo, V n (ao) = ««■ 



■ fc[r„Z ] ® fc V n {k) k[Z n ] ®fe V n {k) 
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We have shown that b := clq G Z_(K) and that b is fc-generic in Z_. □ 

Definition 3.14. An iterative 2?-field (k,E) will be called rich if whenever X is 
an algebraic variety over k and Z_ is a dominant irreducible Hasse subvariety of X 
over fc, then V„(Z(fc)) is Zariski-dense in Z n for all n G N. 

Corollary 3.15. Suppose P extends to fields. Then every iterative 'D-field extends 
to a rich iterative T)-field. 

Proof. Suppose (k, E) is an iterative P-field. We build a rich P-field, L, as a direct 
limit of an wi-chain of 2?- held extensions of k. Start with Lq = k. Given L m , list 
all of the dominant irreducible V- varieties over L m , (Z_ a : a < k). We build L m+ i^ 
by transfinite recursion on f3 < k. At stage 0, if f3 > then let M = M m ^ be the 
union of L m+ i n for 7 < (3. If /3 = then let A/ = L m . Let Z be an M-irreducible 
component of Zp. Let L m+ i p D M and a — a m ^ G Z_g{L m+ i^) be an M-generic 
point of Z_, as given by Proposition 13.131 We then let L m+ i be the union of the 
L m +i,a, a < k. At limit stages we take unions, and we set L :— L ull . 

Suppose now that Z_ = (Z n ) is a dominant irreducible Hasse variety over L and 
W a proper subvariety of some Z n . Then Z and W are defined over some countable 
subheld of L and as such are defined over (and irreducible over) some L m . So, for 
some (3, Z_— Z_^ for the listing of the dominant irreducible Hasse varieties over Lm- 
We have L m C M m ^ C L m+ i^ C L rn+ \ C L. As Z_ is irreducible over L, it was 
already irreducible over M m ^. Thus, a m ^ G Z_{L m+ i,p) is Mm^-generic, and hence 
L m -generic. In particular, \7 n (a m ,p) is not an element of W. Thus, V n (Z_(L)) is 
not contained in W(L). We have shown that V„(Z(L)) is Zariski-dense in Z n , for 
all n G N. □ 

We make immediate use of the existence of sufficiently many rational points in 
the following proposition, which we will need later, and which says that applying V 
to the rational points of a Hasse subvariety produces the rational points of another 
Hasse subvariety. 

Proposition 3.16. Suppose (k,E) is a rich iterative V-field, X is a variety over 
k, and Z_ is a dominant irreducible Hasse subvariety of X over k. Then for each 
to G N there exists a dominant Hasse subvariety Y_ of Z m with V m (.Z(fc)) = Y_(k). 
We denote this Hasse subvariety by \7 m Z_. 

Proof. There is an obvious candidate for Y_: set Y_ = (Y n ) where Y n is the image of 
Z m+n in T n {Z m ) under A( m n ). Since A( m n ) is a closed embedding Y n is a closed 
subvariety of T n (Z m ). 

We first show that Y_ is a dominant Hasse subvariety. For the first condition we 
need to check that r„+i(Z m ) — > T n {Z m ) induces a dominant map from Y n +\ to Y n . 
But this follows from the fact that r m + n +i(A) — > r m +„(A) induces a dominant 
map from Z m+n+ \ to Z m+n , and from the compatibility of A with it (cf. the 
commuting diagram in Definition I2.13f a)). The second condition requires us to 
confirm that A,^^ : T n +i (Z m ) — » r(r„(Z m )) induces a map from Y n+ i to r(Y n ). 
Unravelling definitions we see that it suffices to show that the following diagram 
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commutes: 



(X) ^-^ PO) 



A [rl) 

T n +i (r m (X)) *- r( 

PO)) 

Reading the above diagram at the level of rings we see that it is a case of the 
associativity of A (cf. the commuting diagram in part (b) of Definition 12.131) . 
Therefore, Y_ so defined is a dominant Hasse subvariety of Z m . 

Next we need to show that V m (Z(fc)) = Y(k). First 6.x p G Z(k). Then V m (p) G 
C T m (X) and so (p)) G r n (r m (X)) for all ». But V„(V m (p)) = 

A( m ,„)(V m+n (p)). Since V m+ „(p) G Z m +„, V„(V m (p)) G Y n for all n. Hence 
V m (p) S F(fc). We have shown that V m (Z(fc)) C F(fc). 

So far we have not used the assumption that Z_ has many fc-rational points. One 
consequence of this assumption is that Y n is the Zariski closure of V ra (V m Z(fc)), 
for all n. Indeed, Y n is the image of Z m+n under the closed embedding A( m n ), 
V„(V m ( ; Z(fc))) is the image of V m+n (Z(fc)) under the same map, and V m+ „ (Z_(k)) 
is Zariski dense in Z m+n by assumption. 

It remains to show that if q G Y_{k) then q G V m (Z_(k)) . First note that it suffices 
to show that q G V m (X(fc)). Indeed, if q = V m (p) then A( mn ) (V m +„(p)) = 
V„(g) G F„ for all n, so that V m +„(p) G ^ m + n for all n, which implies that 
P G Z_{k). So we need to find p e X(k) such that V m (p) = q. This will follow from 
the following claim 

Claim 3.17. If q G r m (X)(fc) /ias i/ie property that V TO (q) is contained in the 
Zariski closure of V m (V m (X(fc))), i/iera q = V m (p) /or some p G X(fc). 

Proof. Consider the commuting diagram 

T m (* X o) 

(r m (X)) - ^r m (X) 



T m,0 



r ro (X) X 

By the functoriality of V (cf. Proposition 4.7(a) of [7J) we have that T m (7r^ ) (V m (q)) 
Vrn^oCg))- Sog G V m (X(k)) ifandonlyifr m (7r r ^ )(V m (q)) = g. But the latter 
identity says that V m (g) satisfies a certain Zariski closed condition on r m (r m (X)), 
namely the condition 

Since this condition is satisfied by all u G V m (V m (X(fc))), and since V m (g) is in 
the Zariski closure of V m (V m (X(fc))) , we get that q G V m (X(fc)), as desired. □ 

Now fix q G Y_(k). So V m (q) G Fm, and the latter is in the Zariski closure of 
V m (V m (X(fc))) - as it is the Zariski closure of V m (V m (Z(fc))) . So by the claim, 
V m (p) = q for some p G X(k), as desired. □ 



26 



RAHIM MOOSA AND THOMAS SCANLON 



4. HASSE JET SPACES 

We intend to define a Hasse jet space associated to a point in a Hasse sub-variety; 
it will be a linear Hasse subvariety of the jet space of the ambient algebraic vari- 
ety at that point. In the differential case, for finite dimensional subvarieties, this 
was done by Pillay and Ziegler [8], but their construction does not extend to infi- 
nite dimensional differential varieties. Staying with the differential setting for the 
moment, one might consider imitating the algebraic construction by defining the 
nth differential jet space at p as the "differential dual" to the maximal differential 
ideal at p modulo the (n + l)st power of that ideal. This approach fails however, 
first because such a space is too large to fit naturally into a definable context, but 
also because such spaces are in another sense too small: they will not determine 
the differential variety. This latter difficulty stems from non-noetherianity, or more 
specifically from the fact that there exist differential varieties with points that have 
the the property that the intersection of all the powers of the maximal ideal at 
the point is not trivial; an exa mpleQ in one derivation is given by the equation 
xS 2 x — 5x — 0. So neither the algebraic construction, nor the finite dimensional 
differential construction of Pillay-Ziegler suggest extensions. Our approach is to 
take the algebraic jet spaces of the sequence of algebraic varieties that define the 
Hasse subvariety, and then use this sequence to define a Hasse jet space. In order 
to do so we make essential use of the interpolating map, which we discussed in 
Section 12.31 and which was introduced and developed in [7] . 

Fix an iterative Hasse system V, an iterative P-field (k, E), a variety X over k, a 
Hasse subvariety Z_ — (Z n ) of X over k, and a natural number m. For each neN, 
note that (Jet™ Z„) rc d is a subvariety of Jet m r n (X), and hence we can consider its 
image in r n ( Jet m (X)) under the interpolating map. Setting T n to be the Zariski 
closure of this image we obtain: 

Lemma 4.1. T := (T n := 4>^ „((Jet m Z n ) Ted ) : n e N) is a Hasse subvariety of 

Proof. By functoriality, Jet m (^ n+ i i „) : Jet m (t„+i(X)) -» Jet m (r„(X)) restricts 
to a map Jet m (Z n +i) rc d — ► Jet m (2 , n ) re d- Transforming this by the interpolating 
map (cf. part (a) of Proposition 12.17ft yeilds that tt^+i : T «+i Jet m (X) — > 
r„ Jet m (X) restricts to a map from 0* n+1 ((Jet m Z n+1 ) rcd ) to <f>* : „((Jet m Z n ) Ted ), 
and hence from T n+ \ to T n . This proves the first condition of being a Hasse 
subvariety. 

It remains to prove that for all neN, A^™ (X) : r n+1 ( Jet rn (X)) -> r(r„(Jet m (X))) 
restricts to a map from T n+ i to t(T„). Parts (b) and (c) of Corollary 12 . 1 71 together 
give us the following compatibility of the interpolating map with A: 

A n,l ° <l>m,n+l = T \$m,n) ° <f>m,l ° Jct 

Hence, to see where A^* ^ takes T n+ i = ^ n+1 ((Jet m Z n+ i) Ic d), we can apply 
the right-hand-side of the above equality to (Jet™ Z n+ \) Te< i. We have 

Jet m (A^) : (Jet m Z n+1 ) rcd - (Jet m rZ„) rcd . 

By functoriality of the interpolating map (Proposition 6.4(a) of [7]), 

] : (Jet m TZ„) rcd -» (rJet m Z„) r cd. 



This example was communicated to us by Phyllis Cassidy. 
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Finally, since 0* „ : (Jet m Z n ) lcd -» T n , 

r^J : (rJct m Z„) rcd ^r(r rl ). 

Hence, A^ c * ^ : T n+ \ — > r(T„), as desired. □ 

This allows us to define the Hasse jet spaces: 

Definition 4.2 (Hasse jet space). Suppose Z_ is a Hasse subvariety of X. The rath 
Hasse jet space (or V-jet space) of Z_ is the Hasse subvariety of Jet m (X) given by 
Lemma I4TT1 That is, 

JetSGZ) := (^U((Jct m Z„) rcd ) : n G N). 

Given a G Z(fc) we set the mi/i Hasse jet space of Z_ at a to be the Hasse subvariety 
of Jet" l (A) a given by 

JetS(£)a := (^, n ((Jet ro Z n ) red ) Vn(a) : n G N). 

We showed in Lemma I4TT1 that Jet^(Z) is a Hasse subvariety of Jet m X. Let us 
note that for a G Zjk), Jct^(Z_) a is indeed a Hasse subvariety of 3et m X a . Let 

T n := ^„((Jet m Z„) rcd ) 
and let (T n ) v „(a) be the (reduced) fibre of r n Jet m X — » r„A over V„(a). So 
Jet^(Z) Q is given by the sequence ((Tn) v „(a) : n G N). First of all, 

(r„Jet m X) v „ (a) = r„(Jet m A a ) 

by Fact 12.111 and so (Tn)v„(a) is a closed subvariety of the nth prolongation of 
Jet m X a - Moreover, the structure morphism r„ + i(Jet m X a ) — » r n (Jet m X a ) is just 
the restriction of Tr n +i, n ■ t„+i Jet" l A — » t„ Jet m A. Hence, as we have already 
shown that is sent to T n , it follows from the functoriality of tt (this is Propo- 
sition 4.8(b) of [7]) that (T n _|_i)v n+1 ( a ) is sen t to (T n )y n / a \. A similar argument 
shows that ((T n )v„( a ) : n G N) satisfies the second condition of being a Hasse 
subvariety, namely that (T„ + i)v„ +1 ( Q ) is sent to T((T n )v„( a )) under the iterativity 
map A (nil) . 

Remark 4.3. Note that for a G 

Jet£(Z),(k) = {A G 3ct m X a (k) : (a, A) G Jet£(Z)(fr)}. 
Indeed, V„(a, A) G T n (fc) if and only if V„(A) G (T n ) Vn(a) (k). 

4.1. Main results. We now establish the main properties of Hasse jet spaces. 

First of all, since every algebraic subvariety can be viewed as a Hasse subvariety, 
it makes sense to ask what the Hasse jet spaces of algebraic varieties look like. 
As one might hope, the Hasse jet spaces of an algebraic variety coincides with the 
algebraic jet spaces, at least for "sufficiently general" points. 

Notation 4.4 ("Sufficiently general"). We say that a property P holds for suffi- 
ciently general points of Zjk) if there exist dense Zariski open subsets of U n of Z n , 
for all n, such that P holds for all members of {a G Zfk) : V„(a) G U n (k),n G N}. 

Lemma 4.5. For sufficiently general a G Zfk), Jetp(Z) a is given by the sequence 
(^ in ([Jet m (Z n ) v „ (Q) ] rcd ) : n G N) . 
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Proof. For sufficiently general a G Z_(k), Zariski closure will commute with fibres, 
and so (T„) Vn ( a ) will be the Zariski closure of <^„([Jet m (i? n )v„(a)]red), for all n G 
N. Hence it suffices to show that for sufficiently general a, „([Jet m (Z„) v?i ( a )] re( j) 
is already Zariski closed in r n Jet m (X) Vn ( a - ) , for all n G N. But if we choose a so that 
Vn(ffl) is smooth, then by Fact 12.181 (j)^ n restricts to a surjective linear map from 
Jet™ (r n (X)) v , . to r„ Jet m (Jf ) v „( a )- As [Jet m (Z„) V7i(a) ] rcd is a linear subvariety 
of Jet" 1 (r„(X)) Vn(o) , 0* „([Jet" l (Z n ) Vn(a) ] rcd ) is Zariski closed. □ 

Proposition 4.6. Suppose the alegbraic variety X is viewed as a Hasse subvariety 
of itself by considering X_ = (r n (X) rc d : n € N). For a G X(k) sufficiently general, 
JetpQQq = Jet m X a . TTiaf is, the Hasse and algebraic jet spaces at a coincide. 

Proof. Indeed, Jet£(X) a = (^, n ([Jet m (r„X) v „ (a) ] rcd ) : n e N) by LcmmarO] 
But 

<„( Jet m (r„X) Vn(a) ) - ( Tn Jet m X) v „ (Q) = T n (3et m X a ) 
where the first equality is by Fact 12.181 and the second is by Fact 12.111 □ 

The next lemma gives us an explicit (infinitary) criterion for when an algebraic 
jet lives in the Hasse jet space at a sufficiently general point. 

Lemma 4.7. For sufficiently general a 6 Zfk), and arbitrary A £ Jet m (X) a (fc) 7 
A G Jctp(Z) a (fc) if and only if for all n > there exists "f n G Jet m (.Z n )v„(a)(&) 
such that V„(a, A) = <^ )n (V n (a),7„). 

Proof. By Lemma EM A G Jet^(Z) a (fc) if and only if for all n > 0, V„(A) G 
0* n ((Jet m Z„) Vn(a) )(fc). But as <f>^ <n is linear on Jet" 1 (T n (Z )) Vn(a) by FactfSH 
taking /c-rational points commutes with taking the image under „. It follows 
that V„(A) G ^ jn ((Jet m Z n ) Vn{a) ){k) if and only if V„(a,A) = ^ n (V„(a), 7 „) 
for some 7„ G Jet m (Z n ) Vri(a )(/c). □ 

Notice that so far we have not dealt with the question of when the Hasse jet 
space is a dominant Hasse subvariety. In fact, it is not the case that the Hasse jet 
spaces of dominant Hasse subvarieties are themselves always dominant. 

Example 4.8. We consider (oridinary) iterative Hasse-differential fields. That is, 
we are working in the Hasse system HDi and we have an iterative Hasse-differential 
field (fc, D = (D , L>i,...)). (See Example [23 and Proposition [2~T6| . Suppose 
char(/c) = p > and consider the Hasse subvariety of the affine line defined by 
(Z?i(x))' = x. That is, let Z_ be the dominant Hasse subvariety of A 1 obtained by 
applying Lemma 13.31 to the sequence (Y n ) where Y\ is given by y p = x in t^A 1 ) = 
Spec(k[x , y]) , and = t^A 1 ) for all i ^ 1. Then Z = Y = Spec(k{x]) and 
Z\ = Yi = Spec (k[x,y\/(y p — x)). Note that Z\ — > Z is inseparable. Now, since 
the algebraic tangent space coincides with the first algebraic jet space, and since the 
interpolating map from the prolongation of a tangent space to the tangent space 
of a prolongation is the identity (i.e. prolongations commute with tangent spaces), 
we get that Jet x ,( : Z) is given by the sequence of tangent spaces (TZ n : n < u>). 
A straightforward calculation shows that TZ\ —> TZq is not dominant, and so 
3etj)(Z_) is not a dominant Hasse subvariety of TA 1 . In fact, for any nonzero a G k, 
the Hasse jet space at a, Jet T) (Z_) a , is not a dominant Hasse subvariety of (TA 1 ) a . 
This is ultimately due to the inseparability of the morphism 7^0 : Z\ — > Zq. The 
following proposition explains that such inseparability is the only obstacle. 
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Proposition 4.9. Suppose Z_ is a dominant and separable T>_- subvariety over k. 
Then Jetp(Z) is dominant. Moreover, for sufficiently general a 6 Z_{k), 3et^(Z_) a 
is dominant and irreducible. 

Proof. The commuting diagram in part (a) of Corollary 1 2 . 1 71 rest ricts to 
(Jet Z n+1 ) Icd s~ (Jet™ Z n ) le< i 



„.Ict m (X) 

T n +1 *~ T n 

Now TT n+ i. n : Z n+ \ — > Z n is dominant and separable by assumption. It follows that 
Jet m (7r„ + i,„) : Jet m Z n+1 — > Jet m Z n is dominant (cf. Lemma 5.9 of [7]). As the 
two vertical arrows are also dominant so is T n+ \ — » T„, as desired. 

Note that by Lemma|4~5l (T„) v „(a) = 0m,n([J etm (^«)v„(a)]rod) for sufficiently 
general a £ Z_(k). Now, the separability and dominance of 7r n +i,n : Z n +i — * 
imply not only the dominance of Jet m (7r n +i jTl ) : Jet" 1 Z n +\ — > 3et m Z n , but also 
the surjectivity of that map retricted to sufficiently general fibres (for example, see 
the proof of Lemma 5.9 of [7]). That is, Jet m (Z„ + i) Vre+1 ( a ) — > Jet m (Z n ) v „( a ) is 
surjective for sufficiently general a G Z_{k). Hence (T , „+i)v„ +1 ( a ) — * (^n)v„(a) is 
surjective, which implies that Jctp (Z) a is dominant. For irreducibility, note that by 
choosing a so that V„(a) is smooth in Z n , we get that Jet m (Z„)v„( a ) is irreducible, 
and hence so is (Tn)v„(o)- ^ 

Here is our main theorem. 

Theorem 4.10. Hasse subvarieties are determined by their Hasse jets: Suppose 
(k, E) is a rich iterative "D-field, X is an algebraic variety over k, Z_ and Z_ 
are irreducible, separable and dominant Hasse subvarieties of X over k, and a G 
Z_(k)C\Z_(k) is a sufficiently general point of intersection. If Jetp (V r Z)v r ( a )(fc) = 
Jet£ (VrZ')v r (o)(*) far allm,r e N, thenZ_=Zf. ~ 

Note that if V extends to fields, as it does in the differential and difference cases 
(cf . Corollary 13.121 and Proposition 15. IJ , then by Corollary 13.151 the hypothesis of 
richness in the above theorem can always be satisfied by passing to an extension. 

Proof of Theorem \4- 10\ By Proposition 13.161 we have the dominant Hasse subva- 
riety V r Z_ of r r X whose fc-points are V r (Z(fc)), and similarly for Z'. Fixing r 
we have by Proposition 14.91 that Jetp (V r Z)v r ( a ) is a dominant irreducible Hasse 
subvariety of Jet m (r r X)v,.( Q ) over k. By the n = case of Lemma [4.51 we have 
that [ Jetp(V r Z) Vr(a) ] = Jet™ ((V r Z) ) v (a) . On the other hand, by the con- 
struction of V r Z (see Proposition [3T6]) . (V r Z) = Z r . So [ Jetg(V r; g)v r (a)] = 
Jet m (Z r ) Vr ,( a ). By richness it follows that Jet m (V r Z) Vr ( a ) (k) is Zariski dense in 
Jet m (Z r )y r ( a ). Similarly for Z_. So, fixing r, we have that 

Jet m (Z r ) Vr (a) = Jet m (^)v r (a) 

for all rn 6 N. Since the (algebraic) jet spaces of an algebraic subvariety at a point 
determine that subvariety (cf. Corollary 5.8 of [7]), we have Z r = Z' r for all r 6 N. 
Hence Z = Z' . □ 
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4.2. Hasse jets via P-modules. We aim in this section to give a more concrete 
algebraic characterisation of when a vector in the algebraic jet spaces lives in the 
Hasse jet space of a Hasse subvariety. This will require some further familiarity with 
the construction of the interpolating map in [7] . The use of the term "P-modules" 
in the title of this subsection is meant to be suggestive; we do not formally develop 
the theory of P-modules here. 

Let us fix an iterative Hasse system V, a P-closed field (k, E), a variety X over 
k, and a Hasse subvariety Z_ of X over k. Fix also a point a G Z(k) and m E N. 

For each r > the morphism 7r r : Z r+ \ — ► Z r induces a fc-linear map 

. m Z r ,V r (a) -> m Zr-+uV r+1 (a)/m Zr+i Vr+i{ay 

Setting V r := m Zr! v r (a)/ m 2 + v (a) ^ or brevity, we obtain a directed system 

Vb -» V x - V 2 -> • • • 
Taking fc-duals we have a corresponding inverse system of restriction maps 
V * = Jct m (Z )„(fc) - V? = Jet m (Z 1 ) v(a) (fc) - V 2 * = Jet m (Z 2 ) V2(a) (fc) «- . ■ • 

Lemma 4.11. for eac/i r > 0, the canonical morphism r^° : t t (Zq) X}~T> r {k) — > Zo 
induces an additive map e r : Vb — > V r <S)fc T> r (k). 

Proof. Since Z r C t t {Zq), r z ° restricts to a morphism Z r x k T> r {k) — » Zq. On the 
other hand, we have 

Spec(fc) > Z 



Spec(2>^(fc)) VAa)XkVA " } r r (Z ) x k V r (k) 

Indeed, V r (a) is by definition the unique morphism that makes the above square 
commute. So r^° maps V r (a) XkT> r (k) to a. Hence it induces Vb — ► V r ®kDr{k)- □ 

The maps e r : Vb — > V r ®/j T> r (k) endow V$ with something resembling a "Hasse 
module" structure. For example, while these maps are not fc-linear they do satisfy 

e r (a ■ a) — E r {a) ■ e r (a) 

for all a £ A; and a E Vb. 

Remark 4.12. Note that in the case when X is affine, e r is just the map induced 
by the homomorphism E^°'° : k[Zo] — > fc[T r (Zo)] (8>fc V r (k) discussed in section [XU 

Theorem 4.13. Suppose A G Jet m (^o)a(fc) = Vq* and 7 G Jet m (Z r ) Vr .( a )0) = K*- 
TTien £/ie following are quivalent: 

(i) V r (o,A) = ^* r (V r (a),7) 

(ii) TTie following diagram commutes 

Vq ^k 

E T 

V r ® k V r {k) 7 ® kVAk) - 2? r (fc) 
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Proof. Note that (i) makes sense: (a, A) S Jet m (Zo)(k) and 

(V,.(a), 7 ) € Jei m (Z r )(k) C Jet m (T r (Z ))(A) C Jet m r r X(fc) 
so that both V r (a,A) and 0^ r (V r (a),7j lie in r r ( Jet m (Z )) (fc). In fact, under 
the usual identifications, they both live in 3et m (Zo)^-j^(T>^ r (k)), where V r (a) : 
Spec (T>f r {k)) — > Zo is the X^? r (fc)-point of Zo associated to V r (a) € r r (Zo)(fc). 

Claim 4.14. Jet m (Z )^ ) (Pf-(fc)) = Hom^^ (V ® k V^{k),V^{k)) 

Proof. Wehave Jet m (Z )^ ) (Pf"(fc)) = Kom v E r(k) (VAa)* (1 /l m+1 ) , Z^(fc)) 
where I is the kernel of the map Oz <8>& Cz — > Cz given by f ® g ^ fg (cf. 
section 5 of [7 ). On the other hand, 

Spec(fc) Z 




Spec (Df-(fc)) 
commutes. So V^(a)*(X/2 m + 1 ) = ^.*a*(2:/2 m + 1 ). But 

Hence, v7(a)V/2: m+1 ) is (the sheaf of V? - (fc)-modules) V ® k Vf r (k). □ 

Claim 4.15. ,4 s an element of Jet m (Z ){V^(k)) , 0(V r (a),7) = (V^(a),a) w/iere 
a : Vb ® fc X>f '• (fc) -> £>f (fc) is groan 6y 

a = ([7 (g) fe 2? r (fc)] ° e r ) ® fc idpSr^) ) 

Proof. We can view 7®fc£V(fc) as a (noi fc-linear) map from Vr x k T> r (k) to V® T (k). 
Precomposing with (the no£ fc-linear) e r : Vb — > V r x fc V r (k), we get a map [7 (8>/- 
2? r (fc)] o e r : Vb — > T>f T {k). This map «s fc-linear. Indeed, one can check this by 
tracing through the map (using, for example, (|14p below). So the claim makes 
sense; ([7 <S>k D r (k)] o e r ) ®fc id^r/-^ ) : Vb <8>jfc T>® r (k) — > X>f r (fc) is a well-defined 
2?^' (fc)-linear map. 

To prove the claim we first describe </>(V r (a),7) using Claim I4TT41 and the con- 
struction of the interpolating map in [TJ. Applying Jet™ functor to r^° \ Z r ®kV r (k) 
induces a map 

v : Jet™ (Z r x k V r (k)) VAa)XkVAk) (V r (k)) -+ Jet m (Z )^(V^(k)) 

by Lemma 6.2 of [7j. Since T>^ r (k) = T> r {k) as rings, Claim l4TT"4l tells us 

Jet m (Z ) c ^ ) (Pf(fc)) = Hbm,,,.^ (V ® fc V^(k),V r (k)) . 
On the other hand 

Jet m (Z r x fc P r (fc)) Vr(a)XfcPr(fe) (P r (fc)) =Hom BrW (V r ® fc D r (fc), D r (fc)) . 

Hence u is dual to a X> r (fc)-linear map / : Vb®fe2?;r r (A;) — ► V^®fe2? r (fc). By definition 
of the interpolating map in section 6 of [7J, 

(13) 0(V r (a),7) = (V^,[7®fcC r (fc)]o/) 



32 



R.AHIM MOOSA AND THOMAS SCANLON 



On the other hand, / is induced by the Weil representing morphism T r ZoXkD r (k) — > 
Zq Xk T>r r {k). Since e r : Vo — ► Vo X-k T> r (k) is induced by rjF°, which is the above 
morphism composed with the projection X x^ T>^ r {k) — > X, it follows that 

(14) e r = f o(id Vo ,l v E r(k) ) 

where (idy , I^e,.,^) : Vo — ► Vo ®fc V^ r (k). It is then not hard to see that 

([7 ®fc A-(fc)] oe r) ®fc id p^(fc)) = (7®fc^r(A)) o/. 

Claim 14.151 now follows from (fl~3|) . □ 
Claim 4.16. As ok element of Jct m (Z )(V^ (k)) , 

V r (a, A) = (V r (o), (-E r o A) ® fc id p E r (fc) ) . 

Proof. We are are viewing V r (a, A) as a 2? r 3r (/c)-point of Jet m (Zo). As such we 
have 

Spec(fc) — Jet m (Z ) 

Spec (Df-(fc)) 

Claim EJl follows. □ 
Finally, we have 

V r (a, A) = </>(V,.(a), 7) ^=^> (E r o A) ® fc id x ,E r(fe) = ([7 ® fc P r (fc)] o e r ) (8) fc id p E, 

£ r o A = [7 (g>fc D r (/c)] o e r 

where the first equivalence is by Claims 14.151 and 14.161 This completes the proof of 
Theorem EH □ 

Corollary 4.17. An algebraic jet A € Jet m (Zo) a (k) is in Jet^(Z) a (fc) if and only 
if for all r > there exists 7 r G Jet m (.Z r )y r ( a )(fc) extending X, such that £ r oA = 
[7r ®fc A-(fc)] e r . 

Proof. This is just Lemma 14.71 and Theorem 14.131 combined, using also that the 
interpolating map is over Jet m (X) and hence the 7 r 's do indeed extend A. □ 



5. Appendix: Other Examples 

Throughout the main text of the paper we have carried along at least one moti- 
vating example, namely that of Hasse-differential rings (cf. 12. 4[ \2.12\ 12.161 13.4) 13.121 
and !4.8| . In this appendix we outline several other motivating examples. 
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5.1. Rings with endomorphisms. Consider the Hasse system End = {T> n | n £ 
N} where T> n is § n+1 with the product ring scheme structure, the S-algcbra structure 
given by the diagonal s n : § — > S n+ , and 7r mj „ the natural co-ordinate projection. 
Then an End-ring (k, E) is a ring k together with a sequence of endomorphisms 
{oi : k -> fc} ieZ+ , where E n := (id, t7i,<7 2 , ■ ■ - ,cr n ). 

A special case of this is when, for each n > 0, oi n = r™ and <Jm+\ — where 
T\ and T2 are a pair of endomorphisms of k, possibly commuting, and possibly even 
satisfying the relation r 2 = T-j~ . In this way one can make any difference ring - a 
ring equipped with a distinguished automorphism - into an End-ring. 

A rather more convenient Hasse system for dealing with rings equipped with 
e commuting automorphisms would be to set V n to be §( 2n+1 ) with s n still the 
diagonal embedding and Tt n +i,n the natural co-ordinate projection. Then a ring k 
with commuting automorphisms t\ , . . . , r e can be viewed as a End-ring by setting 

E n (x) = (t" 1 ^ 2 ■ ' •T e Qe (^)){ aeZ e. cach | Qi |<n} 

We can now impose an iterativity condition which will force the iterative End-rings 
to be rings equipped with e commuting automorphisms. For ease of presentation, let 
us deviate slightly from standard multi- index notation and write |a| < n to mean 
that \cti\ < n for each i = 1, . . . , e. Then our iteration map, A( m „) : T> m+n — > 
T> (m,n), wm be given by by {x a )\ a \< n +m h-> ((xp+>y)\/3\<n) | 7 |< m - 

Proposition 5.1. The system A = (A( m „) : m,n € N), above, makes End mfo an 
iterative Hasse system. Moreover, the A-iterative End-rings are exactly the rings 
equipped with e commuting automorphisms. Finally, the system End extends to 
fields. 

Proof. We leave the straightforward (though somewhat notationally tedious) task of 
showing that (End, A) is an iterative system, to the reader. If (fc, E) is an End-ring 
then by the compatibility of E with ir we can write E n (x) = ( cr a( :z; )){ Q(EZ e.| Q |< n } 
where each a a is an endomorphisms of k. Then for (k,E) to be A-iterative means 
exactly that 

(15) a 1 o ap = o-(i +1 for all /?, 7 e Z e . 

Clearly, if cr Q = t" 1 ^ 2 ■ ■ ■ t" c for all a G Z e , where Ti, . . . , r e are commuting auto- 
morphisms of fc, then (TTS"]) holds. Conversely, for i = 1, . . . , e, let Tj := err ....0.1,0....) 
where the 1 is in the ith co-ordinate. Then (| 1 5|) implies that the t±, . . . ,r e commute, 
are invertible, and cr Q = t" 1 ^ 2 ■ ■ ■ t" c for all a e Z e . 

To see that End extends to fields suppose (i?, E) is an iterative End-integral 
domain and K is the fraction field of R. We need to extend each E n to a ring 
homomorphism E n : K —t V n (K). It suffices to check that E n takes nonzero 
elements in R to units in V n (K). But this is the case since the units in T> n (K) 
A are just those elements all of whose co-ordinates are nonzero, and E n (x) — 

{ t i 1t 2 2 ' ' ' T e" ( x )) \ a \< n > wne re the Ti are automorphisms of R. □ 

Note that it is not the case that End-rings always localise, one must require that 
the multiplicatively closed set by which one is localising is also closed under the 
operators. Note also that we really needed iterativity here in order to extend to 
fields: if R is an integral domain and a : R — > R is a nonconstant endomorphism 
with a nontrivial kernel (eg R = Z[x] and a(f(x)) := /(0)), then there is no 
extension of a to an endomorphism of the field of fractions of R. 
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5.2. Difference-differential rings. We can combine the above example with the 
differential example. A Hasse system that is convenient for the study of a ring 
equipped with one Hasse-derivation together with an endomorphism might be the 

n 

following: V n (R) = J] RWiv)^ 1 "*, s n(r) ■= (r + ( V ) n+1 - 1 : i = 0, . . . , n), 

n 

ipn : T> n (R) — > J^i? n+1_I given by the standard monomial basis in each of the 

i=0 

n + 1 factors, and 7r mn : D m (R) — ► T> n {R) given by projecting onto the first 
n coordinates and then taking the quotient R\rj\/ {j]) m+n+1 ~ l — * R[rj\(if) n+1 ~' 1 on 
each of the remaining factors. Given a ring k together with a Hassc-dcrivation D 
and an endomorphism a, we make k into a 2?-ring by setting E n : k — > T> n (k) to be 
the ring homomorphism 

n—i 

E n (x)^(J2^D,(xW :* = 0,1,- ..,»)• 

As before, if one wants to focus on the case of an automorphism a more conve- 
nient presentation would be 

n n 

V n (R) = l[RW(vr +1 - 1 x R[v]/(v) n+1 x \[R[n]/{r 1 r +x - i 

i=l i=l 

and 

n—i n n—i 

We can then combine the iterativity maps for HD and End to obtain an iteration 
map A (mi „) : V m+n -> P( m , n ) given by 

fi{v) -n+m<i<n+m >—* {{fa+fi (C + e ) ) -n<a<n) _ m < ( g< m ■ 

The corresponding iterative Hasse rings are precisely rings equipped with an it- 
erative Hasse-derivation and an automorphism that commutes with the Hasse- 
derivation. Moreover, this iterative Hasse system will extend to fields. 



5.3. Higher D-rings. As a final example we consider a higher order version of 
the .D-rings studied by the second author in [S] and [TD], see also Example 3.7 
of [7]. As we explain at the end of this section, higher D-rings specialise to both 
Hasse-diffcrcntial rings and to difference rings thought of as rings with difference 
operators. 

Let e be a positive integer and let A := Z[ci, . . . ,c e ] be the polynomial ring in e 
indeterminates. We define a Hasse system over A as follows. For each m 6 N, let 

m 1 

P m {X, W) := Y[ (X - iW) G Z[X, W] 

i=0 

where for convenience we set Po(X, W) := 1. For I and R an A- algebra define 
Vj(R) := R[e l7 e e ]/ (P Il+1 {e u a), P/.+i(e e , c e )). 
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As Pi{X, W) divides P m (X, W) for £ < to, we have quotient maps 7Tj,j : T>i(R) — > 
Vj(R) for J < I. Since, P X {X,W) = X, V (R) = R. As P m (X,c e ) is a monic 
polynomial over k, the rings T>i(R) are free P-algebras with monomial basis 

{e J : J<I}. 

So V = (P/ : / e N e ) is a Hasse system over A, albeit indexed by N e and thus 
diverging slightly from our formalism. 

Observe that the ring Z[W][X,Y]/(P e {X,W),P m {Y,W)) is the coordinate ring 
of the reduced subscheme Xi_ m of whose underlying space is {(iW,jW) : < 

i < 1,0 < j < to}. Visibly, P t+rn+ i(X + Y, W) is identically zero on X^ +1 ^ m+ \. 
Hence, 

P e+m+1 (X + Y,W) G (P e+1 (X,W),P m+1 (Y,W)). 

This observation permits a definition of an iteration map. Indeed, changing vari- 
ables so as to separate out the roles of each of the applications of X>j, for / and J 
two multi- indices in N e and R an A- algebra, let us write T>i o Vj(R) as 

R[X U ...,X e ,Y U ..., Y e }/(P Tl (Xi, Ci), . . . , Pl e (X e , Ce), P h (Yl, Ci), . • • , P/ e (Ye, Ce)) 

and 

2?,+j(i?) := i?[Zx, . . . , Z e ]/{Pi 1+Jl (Z u ci), . . . , Pj B+Jn (Z n) c„)). 

The iteration map A/^ j : £>/+j —> T>i o Vj is then defined by Zj X; + Yi for 1 < 
i < n. Our observation that P^ +m+ i(Xj + Yi, Cj) may be expressed as an P-linear 
combination of Pt+\(Xi, ci) and P TO +i(li, Ci) shows that Aj^j is a homomorphism of 
P-algebras. Visibly these maps are associative and compatible with the projection 
maps defining the inverse system. 

As usual, a P-ring structure on an A-algebra k is given by collection of A-algebra 
homomorphisms £"/ : k — > T>i{k) compatible with the identification T>o(k) = k and 
the maps 7T/ ; j : T>i(k) — » Vj(k) in the inverse system. We may express each such 
map in terms of the monomial basis as 

= X>,j(a;)e J . 

However, it is not the case in general that for J < I and J < K that c^j = 
For example, taking e = 1, we have e 2 = • e° + • e 1 + 1 • e 2 in T> 2 (k) but 
e 2 = • e° + e • e 1 in T>i(k). If we wish to express the P-ring structure on k via a 
single N e -indexed sequence of operators Sj : k — > k, then instead of the monomial 
basis we should take {(3j : J < 1} as a basis for T>i, where 

e 

/3,/(ei, . . . ,e e ) := J| Pj, (e i; c,). 

i=l 

Viewing the I?/ as finite free §-algebras with respect to this basis, we have that if 
(k, E) is a 22-ring then 

E i {x) = Y,9j{x)(3j 
j<i 

where {dj : J e N e }, are A- linear additive endomorphisms of k. 

Proposition 5.2. Suppose k is an A-algebra and {di : I G N e } is a set of A- 

linear additive endomorphisms of k. For i < e, let <7j := Cj • 9, + id where di := 
9(o,. .. ,o,i,o,. ..,0) ™ m me 1 * s m ^ e co-ordinate. For K G N e , set (T K := erf 1 o 
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• • • o a^" . Then setting Ej(x) = dj(x)(3j for all I G N e , (fc, E) is an iterative 

j<i 

V-ring if and only if the following two rules hold 

• Product rule: di(xy) — a K (dj(xj) ■ di((y), 



J+K=I 

Iteration rule: d[ o dj — ( 



To carry out this proof we need a few easy combinatorial lemmata. 
Let us start with a calculation allowing us to see the iteration rule. 

Lemma 5.3. P e (X + Y, W) = £^ =0 QP m (X, W)P^ m {Y, W) 

Proof. It suffices to show that the stated equality holds whenever one evaluates at 
points of the form {aW, bW) where a and b are integers. On the lefthand side, we 
have P e (aW + bW, W) = U*~l((a + b ~ l ) W ) = ^{ a '\ h )W t . On the righthand side 
we have 



m— m— 



V )p m (aW,w)Pt- m {bw,w) = V )m\( a )w m (e- m y.( c )w e 

wl y i\m\{i-m)\ U\r b \ 
/ — ' m l (I — r?i )! \jnj\£ — mj 



m—0 

aW b 
ml \l — m 



m=0 
'a + b 



( 



The last equality is obtained by comparing the coefficients of W in the expansion 
of the equality (1 + W) a {l + W) b = (1 + W) a+b . □ 

Now 

V) o£ w(i) = d K (x)/3 K (X 1 +Y 1 ,...,X e + Y e ) 

K<I+J 

e 

= J2 d K (x)Y[P Kl {X l + Y,c l ). 

K<I+J i=l 

Using Lemma 15.31 to expand this, one sees that A-iterativity is equivalent to the 
iteration rule claimed by the proposition. 

To see that the claimed Leibniz rule is equivalent to the Ej being homomor- 
phisms, we need to compute the product of two standard basis vectors. First we 
observe: 

Lemma 5.4. P n (X, W)P m (X, W) = ££=o * ! (") ("l)W l P m+n ^(X) 
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Proof. The case of n — is clear. For the inductive step, 



Pn+lPm = 



n \ I m 

i 



W\X - (m + n - i)W + (to - i)W)P m +r, 



= E * ! (") (7) ^^+1+— + * ! (") (7) ^ + V " 0*W»-< 

- "i> f 1) (7) +(*-D'G : 6 7> - * + D)^ 



i=0 
n+l 



i=0 
n+l 



m — i)\\ij \i — 1 J (m — i + l)!(i — 1) 



i=0 



□ 



Lemma 15.41 leads to an expression for the product rule, but not the claimed 
one. For the sake of definiteness, let us write down the Leibniz rule predicted by 
Lemma 15.41 Expanding the exponential in two different ways, we have 

5> L (a6)/3 L = E(ab) 

= E(a)E(b) 



/../ 



= E E Ma)dj{b)K\ (*) ( J ) c«p I+J - K 
I, J K V / V / 

So multiplicativity of E amounts to the product rule: 

(16) d L (ab) = J2 K\<X^\( J \d x {a)dj{b). 

I+J=K+L V / V / 



To put (|16p in the form claimed by Proposition l5.2[ we should compute the iterates 
of a. Under the hypothesis of iterativity, if o~{x) = cd\(x) + x, then a n (x) — 
H7=o ct ^=^ d i( x )- Indeed > v n (x) = 127=0 cl (T) d l( x )- Via iterativity, we have 
ildi = d\ so that (™)d\ — r^m di- Putting together this observation with p^|) . we 
compute 

d L (ab) = Kl^(^\(^\d x (a)dj{b) 

I+J=K+L V / V / 

= E j:K\c-( I 't K )( J \d II+K {a)d J {b) 



I' + J=L K=0 
J 



E E^uTK^'W^ 

I>+J=LK=0 ^ ' 

<r J (dj,(a))dj(b) 

I'+J=L 
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The computation is reversible, and so we get that (fT6|) is equivalent to the desired 
product rule. This completes the proof of Proposition 15.21 □ 
Let us note some specializations. If A — ► k factors through Z[ci,...,c e ] — > 
Z[ci, . . . , c e ]/(ci, . . . , c e ) = Z, then an iterative P-ring is simply an iterative Hasse- 
differential ring. If k is a Q-algebra, then it follows from the iteration rule that 

dj = — c?^ 1 o • ■ ■ o dl" so that the full stack is already determined by the opera- 
tors di, . . . ,d e . If Ci is a unit in R, then di = c~[ l (oi — id). Thus, in the case 
of Qlcf 1 , . . . , c^J-algebras, the category of P-algebras is equivalent to the that of 
difference algebras for e commuting endomorphisms. However, in positive charac- 
teristic, even when the parameters Ci are units, it is not the case that a P-ring is 
essentially just a difference ring. 

Algebras over Z[c] with additive operators D : R — > R satisfying D(xy) = 
xD(y) + yD(x) + cD(x)D(y) were considered by the second author in [3] and [TP] . 
Andre developed a theory of confluence between difference and differential operators 
in [JJ taking both operators a : R — > R and 8 : R — ► R as basic where a is a ring 
endomorphism and S is an additive operator satisfying the twisted Leibniz rule 
5{xy) = a(x)5(y) + 8{x)y. If there is some b G R with 6(b) E R y , then one may 
express u{x) — cS(x) + x where c := gnx^ ■ The operator 5 is then a D-operator 
in the above sense. 

Hardouin develops a theory of iterative g-difference operators in [3] • Her axioms 
are very similar to ours (with e = 1). For instance, the Leibniz rules are exactly 
the same. However, there are some major distinctions. The parameter c is (q — l)t 
so that the operator Si(x) = °^^ z where <r q : <C(t) — > C(i) is the automorphism 
f(t) i—* f(qt) is not Z[c]-linear. Additionally, her iteration rules involve the q- 
analogues of the binomial coefficients. Most importantly, her exponential maps take 
values in noncommutative difference algebraic rings. Some aspects of the g-iterative 
operators may be incorporated into our setting by working with the ring schemes 
T> n (R) := -R[e]/(n"=o 1 ( e— We shall address comparisons between these theories 
and the more general issue of P-rings for which we relax the requirement that the 
operators be linear over the base ring in a companion article. 



References 

[1] Y. Andre. DifTcrcnticllcs non commutatives et theorie de galois difTercnticllc ou aux 

differences. Ann. Sci. Ecole Norm. Sup. (4), 34(5):685-739, 2001. 
[2] F. Benoist. D-algebraic geometry. Preprint. 
[3] C. Hardouin. Iterative (/-difference galois theory. Preprint. 

[4] J. Kovacic. Differential schemes. In Differential algebra and related topics (Newark, NJ, 

2000), pages 71-94. World Sci. Publ., River Edge, NJ, 2002. 
[5] H. Matsumara. Commutative ring theory. Cambrdige University Press, 1986. 
[6] R. Moosa, A. Pillay, and T.Scanlon. Differential arcs and regular types in differential fields. 

J. Reine Angew. Math., pages 35-54, 2008. 
[7] R. Moosa and T. Scanlon. Jet and prolongation spaces. To appear in the Journal de PInstitut 

de Mathematiques de Jussieu. 
[8] A. Pillay and M. Ziegler. Jet spaces of varieties over differential and difference fields. Selecta 

Math. (N.S.), 9(4):579-599, 2003. 
[9] T. Scanlon. Model Theory of Valued D-Fields. PhD thesis, Harvard University, 1997. 
[10] T. Scanlon. A model complete theory of valued D-fields. Journal of Symbolic Logic, 

65(4):1758-1784, 2000. 



GENERALISED HASSE VARIETIES AND THEIR JET SPACES 



39 



[11] M. Ziegler. Separably closed fields with Hasse derivations. Journal of Symbolic Logic, 
68(1):311-318, 2003. 

Rahim Moosa, University of Waterloo, Department of Pure Mathematics, 200 Uni- 
versity Avenue West, Waterloo, Ontario N2L 3G1, Canada 
E-mail address: rmoosa@math.uwaterloo.ca 

Thomas Scanlon, University of California, Berkeley, Department of Mathematics, 
Evans Hall, Berkeley, CA 94720-3480, USA 
E-mail address: scanlonamath.berkeley.edu 



